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Abstract

The optimal transmitter power control policy in an interleave division multiple access (IDMA) spread spectrum
uplink channel is derived. The policy is applied to an IDMA channel with repetition code and a chip-by-chip
maximum-likelihood decoder whose sum-rate is compared to the capacity of a linear minimum mean square error
multiuser detector and to the Cover-Wyner capacity.
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I. INTRODUCTION

Interleave division multiple access (IDMA) method combined with iterative chip-by-chip (CBC) mul-
tiuser detection (MUD) [12] [14] is a relatively new multiple access method for spread spectrum cormr
munication. It offers an alternative to the well studied direct sequence code division multiple acce:
(DS-CDMA) method [28] and its respective MUD [25].

Unlike DS-CDMA, where users are spread by different signature codes (which are also used to separ
them), IDMA may spread the users with a common sequence code and still enable separation. T
separation is made possible by using different interleavers invoked after the spreading.

The spectral efficiency of any multiple access method depends on the code and decoder structu
and on the power control policy. Transmitter power controls for DS-CDMA systems have been studie
thoroughly, e.g., [1] [8] [13] [16] [17] [21] [23] [27] [30] [31]. A first study on IDMA power control
is given in [15], where the received powers are quantized into discrete values and a linear program
used for optimal power approximation. In this paper, a different optimization approach for IDMA powel
control is taken revealing the detailed structure of the optimal powers. It worth noting that the objectiv
of the traditional DS-CDMA power controls in the studies above is to achieve signal to interference ar
noise ratio (SINR) targets before the decoder, whereas the one analyzed here is to achieve SINR tar
at the final step of the decoder. Hence, obtaining a direct relation between the controlled powers and
bit error rate (BER).

*This work was partially supported by the City University of Hong Kong, project numbers 7001287 and 7001551.
1Zvi Rosberg is with the Department of Communication Systems Engineering, Ben Gurion University, Beer-Sheva, 84105, Israel.



The objective of this study is two-fold: one is to derive the optimal power control for an IDMA channel;
the other is to relate the spectral efficiency of IDMA to the Cover-Wyner capacity, on one hand, and t
the capacity of the optimally power controlled linear minimum mean square error (MMSE) MUD [18], on
the other hand. Comparison to MMSE MUD is chosen since the computational complexity of the optim:
MUD increases exponentially with the number of users [25], whereas MMSE MUD has a blind adaptiv
implementation [10] and attractive computational complexity.

Finding optimal transmission powers involves two sets of controlled variables. One set is the SIN
targets and the other is the powers, which are given by a function of the channel gains. It is shown that
a single class of users and practical system parameters and channel gains, the optimal SINR targets
the same for all users and equal the preset lower bound constraint. Moreover, if fading conditions img
that the peak power constraint is inactive, then the optimal powers are given by a channel inversion poli
i.e., powers are set so as to maintain a constant received power. The optimal received power, whicl
fixed for all users, is derived explicitly and is shown to have a distributed power control policy requiring
only channel estimation.

The IDMA-CBC MUD channel model is presented in Section Il; its optimal transmitter power control
is derived in Section Ill and its spectral efficiency with repetition code is compared to the Cover-Wyne

and the MMSE MUD capacities in Section IV. Finally, conclusions are drawn in Section V.

Il. THE IDMA-CBC MUD CHANNEL MODEL

In this study, the IDMA-CBC MUD channel model and its operational principles are confined to a
single path synchronous channel and BPSK modulation [14]. A generic transmitter and the IDMA-CB:!

MUD receiver is illustrated in Figure 1, where the data input train from eachjuisedlenoted by{d; (%)}

and the decoded data stream fai; (k)}.

ConsiderJ users transmitting trains of binary data over a shared uplink channel using a commo
spreading sequence, = (sg,...,sny-1), S, € {*1}, comprising N chips. The spreading code is
immaterial for IDMA. The input data train from each uger{d;(k)}, is encoded by a forward correction
code (FEC) and each symbol is spreadsbyAfter spreading a frame od/ consecutive equally likely
data symbols from each usgy the respectivek’ = NM chips are interleaved by the user dependent
permutationr;. The resulting chip sequencér;(k),k = 1,..., K}, is then transmitted over the shared
uplink channel. Each chip;;(k), is related to its corresponding symbdl, by z;(k) = d - Simeda(r—1 (k)
wheremod(n) is n modulo N.

For a synchronous single path channel, it is sufficient to consider only the signals received during

single frame. Assuming ideal squared waveforms for data and chips/!/thheceived chip in a frame of



an IDMA channel is given by

J
y(k) =Y /oK) bi(k) (k) + w(k), k=1,... K, (1)
j=1
where \/h;(k) is the random channel gain for usgrp; (k) is the user transmission power andk) is
the AWGN background noise with zero mean and power spectral dersity
The IDMA-CBC MUD applies ideas from the seminal work [2] on turbo coding and follows a similar
(but not identical) design of soft-input soft-output (SISO) iterative decoding for coded CDMA [29]. As
with turbo decoding, IDMA-CBC MUD is an iterative procedure by which two decoding components
perform maximum a posteriori (MAP) decoding exchanging extrinsic information during each iteration.
The front-end component of the receiver is a MUD decoder, called Gaussian chip detector (GCL
which receives the initial signal traify(k),k = 1,..., K} and feedback information frond parallel
single-user symbol decoders (DECs). The feedback from each DEC in every itetagotne extrinsic
information [2] on the frame chipdz;(k), k =1,..., K}, specified by the logarithmic likelihood ratio
(LLR) and denoted by’ (k), k=1,..., K}. The LLRs from each DEG are interleaved byt; before

being delivered to GCD. The extrinsic variabi€,(k), is the information about thé!" chip of user;
gleaned from the code structure and the prior information about the other chips in the same frame.
The GCD MUD decoder applies the extrinsic information about the chips of all symbols and users fc

updating the statistics ofz;(k)}. The updated statistic for each uger{L’(k)}, is then de-interleaved

by 7rj‘1 and fed to its corresponding DEC in an LLR form serving as a priori information. Every DEC
j decodes the frame symbols of ugebased on the code structure and the a priori information. It then
extracts the new extrinsic information completing one decoding iteration.

For a large number of users, the multiple access interference (MAI) to every chip is reasonab
approximated by a Gaussian distribution. Moreover, interleaving the chips of a large number of symbo
M, makes MAI appear as an additive uncorrelated Gaussian process during every decoding iteration |
Consequently, the LLRs exchanged between the GCD and the DECs are sufficient statistics for M/
decoders, which are optimal when the signal is subject to additive uncorrelated Gaussian interferer
only.

The performance of IDMA-CBC MUD depends on the amount of canceled MAI, equivalently, the
amount of variance reduced from tHe;(k), V j,k} variables. For every iteration, this variance
reduction is obtained in the GCD by using all extrinsic variadl€sk), v j, k}. Approximating the MAI
to each chip signal with an additive uncorrelated Gaussian process, the extrinsic information about e

z;(k) becomes equivalent to the conditional mean and varianee(éf, given{e!(I), V i,l}. Each DEC



decoder applies these means and variances for adjusting the Gaussian total interference mean and p¢

respectively, which are then used in the maximum likelihood decoding of each chip.
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Fig. 1. IDMA-CBC MUD.

Note that with reasonable codes, the conditional variance after every decoding iteration of each cl
z;(k) is reduced. If all variances shrinks to zero, MAI vanishes completely. The amount of reductiol
depends on the code, the decoder and the received pdwgfsh;(k)}.

GCD ignores the code structure [14] and delivers the following LLRs to each PEvery iteration

<

P( (’f)|~’5j(’f):“’f"1)> k=1. K 2

L2(k) = log (P(y(k)!%‘(k) = —1,7"1)

where 77! is the o-algebra induced byy(l), V I} and{e! '(I), V i,(}.
The LLRs delivered by each DELto GCD in iterationn are the following extrinsic variables extracted
from the a posteriori probability decoder:

. P(z;(k) = +1|F}) B
"(k) = log (P(xj(k):_1w)>, k=1,....K, (3)

e

where F7' is the o-algebra induced by L7 (l), V I} and the code structure.
The conditional mean and variance of everyk) are derived similarly to the derivation of [29, Eq.
(27)] and are given by (see [14, Egs. (5)—(6)])

E(x](k)\}"ln) = tanh (e;l(k)/Z) ;o VI(E) def Var(xj(k)]}“{l) =1 — tanh? (e?(k)/2) ) 4)

J



The complete computational procedure of IDMA-CBC MUD is given in [14] and requires channel side
information (CSlI), i.e.(hq,...,hy), which can be replaced with estimators.

Note that eack’ (k) is a random variable whose distribution is determined bydtregebrafy. For
large K and M, simulation observations and analysis [6] reveal that upon iteration converggicgjs
approximated by a Gaussian random variable. The Gaussian mean and variance depend on the code
the decoder structures. The power control problem, defined in the next section, concerns with the deco

performance at the iteration convergence point, where

J

. Y,
Vrk) ~ V; € 1 — tanh? (7”) j=1,...,J, (5)

andY,, is a Gaussian random variable whose mean and variance are determined by the SINR of the c
signal,v;, at the convergence point. The dependencytan (5) also disappears since all data symbols
are assumed to be independent and identically distributed. As in [19], the latter is implied by (3), (4) ar
the additive uncorrelated Gaussian process of the MAI.

By (4), V; is the converging conditional variance of an arbitrary chip from ysatrthe receiver, which
by definition is the conditional interfering power of its signal at the receiver. Thus, the unconditiona
value ofV;, E(V;), is the power reduction factor of the interference introduced by jisgrthe iteration
convergence point. Iteration convergence for any received power is implied by the fact that for ar
realization and every andj, £ (Vj”(k)) decreases with. This convergence conditiois formally proved
in the next section.

Also note, that since chip MAI appears as an additive uncorrelated Gaussian process, the chip error
of the maximum likelihood estimator of;(k) at each iteratiom is @ ( SlNR?(k:)), where() is the

standard Gaussian complementary distribution function.&hdl 7 (k) is the SINR of the chip signal at

iterationn. The values of SIN R (k)} can be controlled by a transmitter power control policy analyzed

in the next section.

[II. THEIDMA POWER CONTROL PROBLEM

For every userj, let ; and~; be the SINR targets for a chip and a symbol, respectively, in GEC
upon iteration convergence. Due to code and decoder constraints(,...,~,) are bounded below
by v = (11,...,1]). The role of power control is to adapt the transmission powers to the channe
gain variations so as to dominate all SINR targets. Instantaneous transmission powefs,,...,p,),
however, are bounded by peak levels denotedbby (p,,...,7,), €.9.,1 Watt in DCS 1800 and PCS
1900, and2 Watt in GSM. Since SINR targets determine the BERS, their relation presents a combine
optimization problem over the feasible powers and SINR targets.



The overall objective of the power control is finding the optimal SINR target@and minimizing the
total instantaneous transmission powegss,for every constellation of channel gaifs,= (h4,...,hy),
subject to instantaneous SINR and power constraints. The optimization problem is formulated below.

As mentioned in the introduction, unlike traditional DS-CDMA power controls aiming at SINR targets
before the decoder, the IDMA power control is aiming at the SINR targets in the final step of the decode

A code dependent expression for the latter SINRs and their respective constraints are derived next.

A. Chip SINR Constraint

Suppose that for every usgr the power control can maintain a fixed received powey, during
the entire frame, and Igb and h be the powers and channel gains, respectively. Note that DS-CDMA
implementations have demonstrated a power control Witl) power updates per second, which is based
on SINR and channel gain estimators. This rate can maintain a constant received power as long as
channel coherence time is not shorter tlia25 msec, which is appropriate for vehicles travelingl @
km/h and bandwidth ot .25 MHz.

The actual instantaneous SINR of th& chip signal of userj in DEC j during iterationn, A k), is
given by
A3 (k) = 2il ©)

! o + > pihi E(V (k)
7y

whereo? is the power spectral density of the AWGN background noise 1ghk) is given by (4).

The power control aims at achieving the SINR targets upon iteration convergence, i.e., when M/
interference is maximally canceled. Thus, by (5), the indices a@hd k£ can be omitted from the right
hand side of (6) yielding an actual SINR upon convergence of

def pjhj (7)

A= .
T o2+ Y piE(V;)
i#]

Consequently, if the SINR targets;, are attained by the transmission power control, the following
constraint must be applied at the iteration convergence:

pih;

0%+ > pihi f(7:)
i#]

27]7 ]:177°]7 (8)

where, by (5),

f(v) défl—E[tanh2 <%)}, j=1,...,J. (9)



The functionf(;) reflects the interference cancelation resulting from the iterative turbo decoder. It is
code-dependent, takes values(inl), and typically strictly decreasing and convex. Note that constraint
(8) is a result of parallel user decoding as opposed to successive user decoding, where different constre
apply.

Generally,f(v;) does not have an analytical expression and is derived by simulation and curve matchin
For BPSK with repetition-code (each bit is replicatddtimes over the symbol chips), it can be shown
(based on [6] [19]) that for largéd and M, where chip MAI is approximately Gaussial,, is also
approximately Gaussian with mean and variac¥ — 1); and4(N — 1)~,, respectively. The function
is depicted in Figure 2.

The f function with a concatenation of a ratg2 convolutional code with generator polynomials
(23,35)s followed by a ratet/8 repetition code is obtained by simulation and is depicted in [15, Figure
5]. The curve there is plotted in a log scale along thaxis, which after transformation into a linear
scale, exhibits a decreasing convex shape. Sincef thenction with a repetition code is also depicted
there in a log scale [15, Figure 2], one can observe thatftlterresponding to the convolutional code
decreases much faster than theorresponding to the repetition code. It should be noted that depicting
the analytical graph from Figure 2 in a log scale yields a graph which is the same as the one in [1
Figure 2].

Based on these examples and the interpretatiof, df is expected that the more efficient the code is,
the sharper is the decreasing rate of its correspondifignction.

The derivative of thef(+) corresponding to repetition code, which is needed below, is given by

£0) =1+ (% + styre ) B | (tanh (3))’]

B {W(tanhmf} _

8(N-1)v2

(10)

Since the SINR target constraints in (8) are imposed{af(k)} at the iteration convergence, it is

shown next tha{ A% (%)} indeed converges as— oo.

Using the f function notation, (6) is translated into

n o pjhj
MW= 5= FOATR) ()

Suppose that the power control maintains fixed received poJgeys; }, during the decoding of any given

frame and letA = (Al, o ,AJ) denotes an arbitrary vector of instantaneous SINR values. For évery



p and A, define the transformations

pjhj R
1<j<J 12
Ay phf) S (12)
i#]

T3(A) =

and letT(A) = (T1(A), ..., Ty(A)).

1 T T T T T

T T T T
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Fig. 2. f(7) vs. chip level SINR in a linear scale.

During the decoding iterations, (11) and (12) imply that the chip SINR valveg;) = (A} (k),. .., A%(k)),
evolve according to\"*!(k) = T} (A"(k)), n > 0, whereA9(k) = 0, V j, k, i.e., f (AI(k)) = 1. Thus, if
the sequencA™(k) converges, then it converges to

A* = lim T(A"(k)). (13)

n—oo

Note that during the iterations} ™' (k) = T;(A"(k)), n > 0, the f(A7(k)) function, which reflects the
interference cancelation resulting from the iterative turbo decoder, captures the entire information that
relevant for the decoding process.

With a proper decoder, the convergence point is independent of the chip idsixce all chips are
used for decoding the data symbol. To verify convergence, notefthais a positive decreasing function.
Thus, starting withA° = 0, {T(A™)} is a monotonically nondecreasing (component-wise) sequence
bounded below by(p;hi,...,pshy) /% Thus, the limit in (13) exists and* is the unique fixed point
solution to

A =T(A). (14)



The case where all received powers are the samepil.,= R, V j, is of particular interest for the
power control problem. For this case, the solution uniqueness and (11) implxthat(A, ..., A), where
A is the unique solution to

R

A=ay (J = DRF(A) (15)

The bit error rate (BER) of user is given by Q <\/’)/_;> which is clearly a function of the symbol

SINR target,y;, rather than of the chip SINR target;. Thus, for BER evaluation, a relation betwegn
and~; is needed. In the case wheseh,;, = R,v; = v, ¥V j, which is of particular interest for the power

control problem, (8) is attained with equality implying that

R

' 2+ (J=DRIG) 4o
Since the symbol power of each useis Np;, the symbol SINR of each usgris given by
sdef o NR
YT T R T DNRIG) 0
By (16) and (17), the required relation is resolved from
_ 2
1 N-lo® (18)

As observed in the case study below, for practical parameters and optimal powersz/o? implying
thatv* ~ yN.

B. The Optimization Problem

Following the discussion above, the power control with CSl is defined as follows. For every vector c

channel gainsh, find:
J
i ; 19
w2 (19)

subject to
p 2 #( L phif(n) +0*). 1< <,
7] (20)

0<p<p, ¥ >~ (component wise).

By (20), for everyh and~, the powers are clearly functions ¢h,~), i.e., p = p(h,~). Since the
objective function in (19) is independent §f the problem can be decoupled into two parts. In the first
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part, the optimal powerg*(h,~), are derived for any feasibkg. In the second part, the optimal powers,
p*(h), are derived by optimizing over all feasibieusing the optimal powerg*(h, ), obtained in the
first part.

Remark 1: The optimization problem is formulated as centralized problem for a single cell. In practice
interference to the uplink channel from other cells is much smaller compared with interference from tt
same cell. Therefore, as done in most of the cited papers above, it can either be ignored or addec
the background AWGN. Since each base station applies its power control only to its users, the proble
setting remains unchanged. This approximation for inter-cell interference is particulary good for a larg
number of users. Furthermore, although the problem setting is centralized, it is shown that in most practi
scenarios the optimal control algorithm can be done distributively.

Remark 2: The power control problem is formulated per chip but the BER will be evaluated per bit by
using the relation derived in (18). Also, although we assume that power control maintains fixed receive
powers during the decoding of any given frame, power updates are not bounded to be at the chip rate
fact, the power control derived here is applicable only when the channel coherence time is longer th
the time interval between feasible power updates. As mentioned above, a feasible updaté Gatepef

second is applicable for vehicles travelingl@d km/h and using a bandwidth df25 MHz.

C. The Optimal Powers for Given SINR targets

For every vector of SINR targetsy, the optimal powersp*(~, h), are explicitly derived as follows.

Define the functions
7Y (p) = min {pj; Z—; <Z pihif(vi) + a2> } , 1< <, (21)
i#j

and letlY (p) = (I'(p),. -, ) (p))-
It is straightforward to verify that for every vectey, the vector functiod”(p) is astandard interference
function[30] implying that the elements of the optimat(+,h) are given by the unique solution to

pj = min {ﬁj; % (Zplhlf<7z) + a2> } , o Jg=1,...J (22)
AN
Note that a solution to (22) is of the form, = Z—; (Z#j pihi f () +02> if and only if the right

hand side is less or equalg. This is referred to as th8INR target conditionwhich depends on the
optimal v and the channel gain realizatioh, If the SINR target condition is not satisfiedcall outage
occurs. In practice, cell layout design ensurdading marginwhere call outage is a rare event. Fading
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margin can be predetermined since fading distribution must be known upon cell layout. When the SIN
target condition is not satisfied for a givénand somey, it is clearly optimal to sepj(h) = 0. Thus,
attention can be restricted to realizatidmswhere the SINR target condition holds true, i.e., when the

peak transmission power constraint is inactive. For convenience, it is also assume]d:tha,t vV j. The

case with different{zj} can be carried through the derivation below with additional minor complexity.
Let f(v) = vf(v) and suppose that
P .
1
y o= 2 1, ie, o) <= (23)
—~ 1+ f ) 1+ J
Requirement (23) is referred to as thgstem feasibility conditiofrom a reason explained below. For

every feasibley, it can be verified that |§:Z Ty f()) < 1, then the following powers solve (22) without

the peak power constraints:

p;('y,h):%, j=1,...J (24)
where
2 J 3
R, — 7 4 a-S 10 25
Ol ey B D ey o (29)

That is, for every given SINR targets, the optimal powers with CSI are given by tbieannel inversion
policy in (24)—(25). In practice, the unknowinare replaced with their estimators. Estimator-based power
control and bounds on the optimal values can be derived as in [18].

Since (24) is the unique solution to (22) without the peak power constraintpidndh) must be

positive, the conditiond = 7 | TV()) < 1 must hold. As shown below, the latter follows from the

system feasibility conditiom (23).

D. The Optimal SINR targets and Powers

With the explicit solution ofp}(~, h), the optimization problem in (19)—(20) can be translated into the
following quasiconvex optimization program. First, set the optipiaty, h) from (24) in (19)-(20) and

define two functions

F(x):(l—:c)f’l(lfa) and G(x —1—ij,

wherex; = f(v;)/(1+ f(v))) andx = (z1,...,z,).
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Note thatF'(x) equaIsH}(v) after variable substitution implying thdt(z) is code dependent. Also, as

observed in Figure 3 depicted for repetition code and practical symbol SINR targets greaterdBan
F(x) is a strictly convex decreasing function. Th&z) functions corresponding té functions of other
codes, whose decreasing rates are faster than that of the repetition code, would also demonstrate the ¢
structure starting from a point that is even smaller thaiB.

By simple algebra, it can be verified that a decreasfig) is equivalent to the following: ify > ~,

then
o o S (26)
L+ f(y) 14+ f()
Consequently, the system feasibility condition (23) implies that for every feasgl,blgj o) g,

=11+ ()
Thus,p*(v,h) > 0 and the term "system feasibility condition” is justified.
Assuming the system feasibility condition (23), the optimization problem from (19)—(20) can be now

rewritten as

) o Z F(x;)/h;
mxin H(x) =) j_G(x) (27)
subject to
0<xjggdéf S =1, (28)
1+ f(7)

Note that (23) implies that/(x) > 0, hence, it is not required to use it as a constraint. Problem (27)—
(28) is not necessarily convex. However, sirfcer) is convex and~(x) is linear, problem (27)—(28) is a
guasiconvex program [4], which is solved by the following sequence of convex separable programs. F
every\ € R, let

J
F(z;)
2 j
=0 E h AG(x),

7=1
and consider the problem

mxin Ly(x) (29)

subject to
O<z; <z, j=1,...,J (30)



13

1 T T T

T T
—— BPSK and replicated coding with N = 32|

0.9 i

0 0.002 0.004 0.006 0.008 0.01 0.012

Fig. 3. TheF(zx) cost function.

For every \, problem (29)—(30) is a convex program with a strictly convex objective function and
therefore having a unique solution, denotedstyy)). Furthermore,(x) is also non-increasing i and

is greater or equals zero, if and only if

(31)
implying that there is a\* such thatx* et x*(\*) is the solution to both problems, (29)—(30) and (27)—
(28), with Ly~ (x*(A\*)) = 0. Note that\* is the minimum value of(x). The characterization at*(\)
and the optimal solutiox* is derived next.

Invoking the relationy = f~!(z/(1 — z)) implies that

dF(z(y) _ 1 —f”( @ >
dx s —x
()
-1
RO

and by the Karush-Kuhn-Tucker (KKT) optimality condition for convex programs%3{])) is given by

the unique solution to

dF (3(\)) < =Ahy, o if 2N =,

o (32)

= —Mhy, if 23(A) <z,
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where the) in (32) stands for the\ /o2 in (31). Since both variables have the same sign, the results below
are not violated by keeping the same notation.

Sinceh are sampled from a continuous distribution, no generality is lost by assumingitkat, <
. < hy. The fact that%;’;j) IS a negative increasing function approaching zera approaches one

implies that

dF (x;
r3(\) = min{z;,z}, where z; satisfies dg(:j) = —\h;. (33)
J

Furthermore, ifA* < 0, thenz} =z, V j; and if \* > 0, thenx?,, <z} for all z},, # z. Note thatz}
cannot be zero sinc€(z;) — oo asxz; — 0.
Recalling thatr; = f(v,)/(1 + f(v;)), the derivation above proves the following theorem.
Theorem 1:Suppose that, < hy < ... < hy. If 7= v j, the system feasibility condition in (23)

holds true and the code has a corresponding strictly convex decreasing fufA¢tipnthen the optimal
solution to the optimization problem (19)—(20) when the peak transmission power constraint is inacti

has the following structure.
(&) There is a threshold index such that
N= =% =7 <Y1 <-.. <77 (34)
Furthermore, forj > j*,

v =1 /(1)) (35)
wherez} is the unique solution te(—x hjA*, for some\* > 0.

(b) The optimal chip-level transmission powers are given by

R.
p;k_h_j> ]_17 7J7
J
where
o J fyr
= — A=
LA 1+ f() ;1+

By the monotonicity ofL,(x) in A and condition (31), the optimal pain*, x*) can be derived using

the following bisection algorithm.

Theorem 2:For everye > 0 and initial valued < u such thatl < H(x*) < u, the following bisection

algorithm converges ta* with an error margin ot.
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while (u —1 > ¢)
1. A= (l+u)/2
2. Solve the convex program (29)—(30) by computiag) in (32);
3. If Ly(x*(\)) <0, then setu = \; otherwise, set = \.
end
]

The initial interval[l; u] contains the value functiof (x*). In each iteration, the interval is divided into
two, i.e., bisected, so the length of the interval aftéterations is2=*(u — 1), whereu — [ is the length of
the initial interval. Thus, exactlylog,((u—1)/€)] iterations are required before the algorithm terminates.
Each step involves solving the KKT condition in (32). The length of the intewalz;] containing each
r; at the convergence point is approximategix—m.

‘ sz

E. Discussion

Theorem 1 provides the form of the optimal chip SINR targets and the optimal power control functior
It shows that the optimal SINR targets;, is a monotonically increasing sequence in the channel gain,
where the lower values of the sequence equal the lower boyrah the SINR target. In the two extreme
cases, non of thg* values equal or all of thev* values equal. The theorem also shows that the optimal
transmission power of usgr when its channel gain is;, is p; = R;/h;, whereR; = R;(f,0% ~*). The
argumentsf ando? are known, andy* is derived by the bisection algorithm given in Theorem 2. From
the theorem derivations, it is apparent that Theorem 1 and 2 hold true for any coding scheme, as long
its f function decreases faster than that of the repetition code.

The power control is a distributed channel inversion policy. However, the received signal power fc
each usey, R;, is a function ofy*, which depends on all channel gaihs,Moreover, in the general case,
a bisection algorithm is required for finding them. This would make the power control implementatiot
guestionable, unlessg* is independent of the channel gains.

Fortunately, as observed in the case study presented in Section IV and in many other numerical examj
with repetition code and practical channel gains (not presented here), the thresholdjindex,heorem
1 equals/. That is, the optimal SINR targets;, are the same for all users and equal the lower bound
constrainty. Consequently, the optimal received powef&,}, are also the same for all users and the
first constraint in (20) is attained with equality. Thus, by equations (15) and (16) in Subsection IlI-A, the
optimal SINR targets and the instantaneous chip SINRs at the iteration convergence point coincide. Sit
7 and f are known, the optimal received powef{sy; }, are also known. Thus, the optimal power control

can be implemented distributively at each ugday constantly estimating its own channel gain
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Applicability of the channel inversion power control may be limited by the channel estimation error. Ir
non-reciprocal channels, channel estimation must be done at receiver and fed back to the transmitter. Tl
estimation error springs from the estimation algorithm and the feedback delay. If the channel varies fas
than it can be estimated and fed back to the transmitter, channel inversion power control will perfor
poorly. However, it has been demonstrated recently that pilot-symbol-based estimation [7] could be qu
efficient. For pilot symbol assisted modulation, it has been shown that only a 1-2.5 dB performanc
degradation compared with perfect channel estimation can be achieved in a flat-fading Rayleigh chan
which varies at a rate slower than the symbol rate [20]. For adaptive MQAM modulation using chann
estimation based on pilot symbol, only a 1-2.5 dB performance degradation can be achieved for Raylei
channel [9]. For detecting and decoding turbo coded BPSK signals transmitted over frequency-flat fadi
channels, estimation error result only in 0.49-1.16 dB performance degradation [24].

Beside the case study presented in Section 1V, examples with other values of noise dévels,
10~8 —10716; spreading code lengthd] = 8 x 2¥, k =0,...,6; BER=10"3,10"%,10~°; lower bounds,

7 =2,3,4,5,6 dB; and different sampling intervals of the channel gains have been also evaluated. Tt
results for the repetition code are similar to those presented in Section IV.

The reason for having; = y with practical parameters springs from the fact tfigf) decreases with
~ sufficiently fast so as sufficient MAI cancelation is attained at the lower bound. Namely, it does not pa
off, power-wise, to increase the transmission power any further. From this exact reason, more efficie
codes, e.g., the convolution code in Section IlI-A, where fHanction decreases even faster, are expected
to produce the same results.

It worth noting that a non-traditional DS-CDMA power control aiming at SINR targets at the final
step, rather than at SINR targets before the decoder, would not differ substantially from the IDMA powe
control and Theorems 1 and 2 can be applied, provided that the respédiinvection has the required

structure.

IV. CAPACITY COMPARISON

The potential merit of IDMA is evaluated by comparing its sum-rate with repetition code to the Cover
Wyner capacity, on one hand, and to the capacity of the optimally power controlled DS-CDMA channe
with a linear MMSE MUD, on the other hand. The capacity (aka spectral efficiency) is defined as th
total number of bits per chip that can be transmitted arbitrarily reliably [26]. Since the bandwidth of «
spread-spectrum channel roughly equals the inverse of the chip duration, the capacity can be viewec
the number of bits per second per hertz supported by the system. For a common reference scale, capac

are presented as a function Bf/N,, where Ej, is the received energy per bit aid, = 252,
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Given a complex-valued channel, the Cover-Wyner capacity for a glugtV, is resolved from the

following equation [26]:

cw‘zlog2(1+-c*§%>. (36)

The DS-CDMA channel capacity with linear MMSE MUD and optimal transmission powers is evaluatec
as follows. For mathematical tractability, spreading codes are modeled by random sequences and
number of users and the processing gain are assumed to be arbitrarily large [18] [22] [26]. The resulti
asymptotic capacity provides excellent approximation for systems with practical processing gains. It al
facilitates an analytical closed-form solution for the optimal power control, which is simple to implemen
[18].

The asymptotically optimal symbol transmission power with multiple user classes, symbol SINR targe
{7} and outage probabilitye; } is derived in [18]. For a single user class with no outage and unbounded

transmission power, the optimal symbol transmission power for each jjssrgiven by

j=1,...,J, (37)

wherea = J/N.
Note that the optimal powers are given by a channel inversion policy resulting in aHixeéd, for all
users and all channel gains. Sindg = 202 and £, = p;(h)h;, (37) implies that
E S
b = 1— (38)

Noo 2(1-aiss)

Given E,/N, and «, the asymptotic MMSE capacity;"”, is resolved from the following equation [26],

m ms 1 m Eb
C™ = alog, (1+aC’ N, 4F<aC’ No,a>), (39)

where
F(z,y) = ((:p(l + V) + 1)% — (z(1 = y)* + 1)5)2.

The expressions in (37)—(39) specify the MMSE capacity as a functioly 8fand £,/ Ny, where the

latter is determined by the optimal transmission powers required for attaining a symbol SINR target

g

Note that the MMSE capacity assumes optimal coding. Thus, the capacity in (39) is an upper bou

on the sum-rate of MMSE with any practical coding.
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The sum-rate of IDMA with repetition code and optimal power control is evaluated as follows. Since
arbitrarily reliable transmission is infeasible with non-optimal coding, the sum-rate is computed for BEF
of 10~*. As with CDMA-MMSE, the sum-rate with BER of0~* is also expressed as a function .HfN
and E,/Ny.

By Theorem 1, for every//N and vectory, the optimal chip-level powers are given by

L o/ f())
bi= "0 - A

Jj:17"'7j7 (40)

and the optimal chip level SINR vectoy*, is given by (34)—(35).
Similarly to the optimal power control for CDMA-MMSE, the optimal power control for IDMA is also
a channel inversion policy. Unlike with CDMA-MMSE, the bit energy to noise ratios are user dependen

namely

Eyj) _ (= 105)

No  2(1-A) (41)

For the sake of comparison, the IDMA sum-rate is depicted as a function of the following average b
energy to noise ratio:

= No Z Ey(j (42)

0

Given J/N and {E;(j)/No}, the sum-rate (per chip) of IDMA with complex-valued modulatigti?™,

and its corresponding BER are

J
A 1
idma __ _ s
R~ 2J/N,  BER = - ;:1 Q (/%) (43)
where~: is obtained froml;f by (18).

Figure 4 depicts the Cover-Wyner upper bound on the multiple access channel capacity, the capacity
MMSE MUD with asymptotically optimal power control and the IDMA sum-rate with repetition code and
optimal power control. It is assumed that the noise levallis’ and the channel gaink, are uniformly
distributed over the unit interval. Although, in practice, gains follow other distributions, e.g., log normal
Rician, Raleigh, the actual distribution is immaterial since the optimal power is a channel inversion polic
The reason for taking a distribution function is to eliminate bias and to cover versatile gain values.

As mentioned above, for many practical system parameters anf,aN, values, the optimal chip

SINR targets turned out to satisfyy = v, V j. This can be explained by the sharp decrease offthe
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Fig. 4. Sum-Rate and Capacity v&;/No.

function (see Figure 2). Furthermore, due to a sharper decreasing rate ofuhetions associated with
other codes, the same optimal SINR targets are also expected.

Figure 4 illustrates that the IDMA sum-rate is almost the same as the Cover-Wyner capaéity fgr>
8.5 dB. Below 8.5 dB, IDMA with repetition code sharply drops below the MMSE MUD capacity. For
more efficient coding, dropping is expected to occur at lodgfN, values. This dropping is known as
the waterfall effect of turbo decoding. Figure 5 reveals that repetition code beyotiwhes deteriorates
the performance slightly.

V. CONCLUSION

In the first part of the paper, the optimal transmitter power control policy was derived for an IDMA
spread spectrum uplink channel with iterative turbo MUD. In the second part, it was demonstrated, wi
the aid of the repetition code, that for practical system parameters the optimal chip SINR targets &
the same for all users and equal the lower bound on the SINR targets. The latter observation is of gr
importance since it enables a simple distributed power control policy.

The optimal IDMA sum-rate with repetition code was also compared with the Cover-Wyner uppe
bound and with the capacity of the linear MMSE MUD. It was shown thatHpfN, > 8.5 dB, IDMA
sum-rate almost follows the Cover-Wyner upper bound. B&ldndB, IDMA with repetition code sharply
drops below the MMSE MUD capacity. For more efficient codes, it is expected that the sharp droppir

would occur at lowerE}, /N, values.
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Fig. 5. IDMA Sum-Rate with different symbol lengths &, /No.
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