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Optimal Hop-by-Hop Flow Control in Computer
Networks

ZVI ROSBERG anp INDER S. GOPAL

Abstract—The problem of hop-by-hop flow control in a compnter
network is formulated as 2 Markov decision process with a cost function
composed of the delay of the messages and the buffer counstraints. The
optimal control is shown to be a linear truncated function of the state and
the explicit form is found when the arrival process of the messages is a
Bernoulli process. For a renewal arrival precess, the long-run average cost
of any policy with a linear truncated structure is expressed by a set of
linear equations.

I. INTRODUCTION

LOW control mechanisms [2], [6] are employed in computer

networks in order to prevent the overloading of system
resources and the consequent excessive time delays and buffer
overflows. These mechanisms are classified in [2] into four levels:
the session level, the network access level, the end-to-end level,
and the hop-by-hop level. The purposes of each level are
complementary and in most typical networks more then one level
exists. The focus of this paper, however, is the hop-by-hop level,
the purpose of which is to maintain a smooth flow of traffic
between two adjacent nodes, and to avoid local buffer congestion.
Note that, at this level, we do not have the ability of restricting
traffic input into the network.

The specific hop-by-hop scheme studied in this paper is the
following. Consider two adjacent nodes and, for the purposes of
the explanation, assume that one node is the transmitting node and
the other the receiving node. The transmitting node maintains at
all times a counter which indicates the number of messages that
the receiver is prepared to accept. We shall use the term
“window’” to refer to this counter. Whenever it transmits a
message, it decrements the counter by one. When the counter
reaches zero, it is not permitted to transmit any more messages.
The receiver, periodically sends to the transmitter a message
indicating the new number of messages that it is prepared to
accept (a new ‘‘window’’), and the transmitter upon receipt of this
message updates its counter. If the receiver has indicated to the
transmitter that it is prepared to accept a certain number of
messages, it is required to set aside an amount of storage in its
receive buffers sufficient to store that number of messages. Once
the receiver has received the message and forwarded it to the next
node on the message’s path, it then releases the buffer storage
used by that message.

The receiver keeps the history of the number of messages
actually transmitted in each window. In making a decision on the
current window size, the receiver uses this history as well as
information on the number of messages currently waiting at the
transmitter. The latter piece of information is sent by the
transmitter to the receiver in the header of one of the messages
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that it transmits. However, because of transmission, propagation
or queueing delays on the link, the information is typically
outdated when it reaches the receiver and does not reflect the
current number of messages present at the transmitter.

The scheme described above is analogous to the hop-by-hop
mechanisms used in real networks such as GMDNET and
TYMNET [2]. The mechanism may be applied once for all traffic
that flows over a given link or may be applied individually for
each virtual circuit that shares that link. We assume a single
receive buffer pool that is completely shared by all links or virtual
circuits that pass through the receiver.

There are clearly two conflicting forces that govern the
receiver’s actions. On the one hand, it is beneficial to commit to
accept a large number of messages as this will reduce the
possibility of the transmitter having to queue messages while
awaiting permission to transmit from the receiver. On the other
hand, if the receiver commits itself to receive too many messages
it may find itself setting aside an excessive amount of storage,
thereby preventing other links or virtual circuits from using that
storage. The purpose of this paper is to understand this tradeoff
and to find the best strategy that the receiver should adopt. We
should note at this point that we have been able to derive the
specific form of the optimal policy and not just the hysteretic
properties as in many other studies. For a survey of previous and
related studies, the reader is referred to [2] or {6].

The paper is structured in the following form. In Section II, we
formalize the model and quantify the objective function. For the
sake of analytic tractability, we are forced to place some
simplifying restrictions on the model. In Section III, we formulate
the optimal ‘‘window’’ selection problem as a discounted Marko-
vian decision process and proceed to find the optimal discounted
policy. In Section IV, we show how the results found for the
discounted case apply to the long run average cost. In Section V,
we show how the optimal long run policy can be computed for
certain special cases. Finally, Section VI presents our conclu-
sions.

II. THE MoDEL

Consider two adjacent nodes and, as before, assume one is a
transmitter (XMTR) and the other a receiver (RCVR). Assume
further that all messages in the system consist of packets of fixed
length. In order to preserve analytical tractability, we shall
assume that both XMTR and RCVR operate in synchronous,
tightly regulated fashions. In particular, we shall assume that time
is divided into slots, a slot being exactly long enough to transmit a
single packet. A packet transmission may begin only on a slot
boundary. We shall also assume that the window allocation
process proceeds in ‘‘phases,’” a phase being a fixed predeter-
mined number of slots (say, 7 slots). Prior to the start of every
phase, RCVR informs XMTR of the window that it has chosen for
that phase. This number represents the maximum number of
packets that XMTR may transmit in that phase and also the
number of buffer units of storage that RCVR must set aside for
that phase. Clearly, the window size in any phase must be smaller
than 7.

The first packet that XMTR transmits in a phase includes the
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current number of packets that it has awaiting transmission. This
information is used by the receiver in making the window size
decision at the start of the next phase. Thus, the information that
we use is always delayed by one phase. The receiver computes the
window size and informs the transmitter of its decision through a
control packet. This information must reach XMTR prior to the
start of the next phase. Thus, 7 must be at least the sum of the
propagation time from XMTR to RCVR, the processing time
required for RCVR to understand the message and compute its
decision, the propagation time from RCVR to XMTR, and the
processing time at XMTR to understand the message.

The notion of a fixed duration phase is not entirely alien to real
computer networks. For example, in TYMNET, each receiver
sends a ‘‘backpressure vector’” to each of its neighboring
transmitters every half second. Based upon this ‘‘backpressure
vector’’ the transmitter decides on the amount of traffic it can send
to the receiver in the subsequent half second.

The choice of an appropriate value for T is determined by
several factors. On one hand, since a decision of a window size is
a commitment to reserve a number of buffers during the T slots,
one would prefer a smaller 7 in order to have the possibility to
change the decision when new information is revealed. However,
as T gets smaller, decisions are made more often and more
computational resources are required from the node and more
control messages are sent through the channel. In any event, in
order that the control mechanism be realizable, the T must satisfy
the lower bound mentioned above. In this paper, we shall assume
that some appropriate value of 7(> 1) has already been chosen.

We assume that packet generation times forms a renewal
process. That is, the number of packets generated during slot 7,
X, i =1,2, --- are i.i.d r.v.’s, with a general distribution
function F and a first moment X.

As mentioned in the Introduction, we do not have the ability to
discard packets at this flow control level. Thus, any new packet
that arrives at XMTR is held in its buffer until it is transmitted
irrespective of the flow control actions between XMTR and
RCVR and the number of packets already existing in XMTR. If
there was only a single link in the network, this would mean that
the arrival process is independent of the system state and flow
control actions. For a general network environment, there may be
some dependence, but this is neglected in order to obtain a model
which provides insight while preserving analytical tractability.
Therefore, as an approximation, we assume that the arrival
process is independent of the system state and flow control
actions.

We shall also place a further restriction on the model that the
messages that arrive in a particular phase may not be transmitted
in that phase. This last restriction implies that packets may be
forced to wait as much as one phase more than necessary. The
average throughput and buffer requirement at the receiver will,
however, remain unchanged. The restriction may be relaxed by
changing the model so that the transmitter sends information to the
receiver T,(< T') slots before the start of the following phase and
permits packets that arrive in the first 7 — 7 slots of a phase to
be transmitted in the same phase. The analytical tools presented in
this paper can be used on this modified model.

Forevesy &, kK = 1, 2, + -+, let Y, be the number of packets
generated at node XMTR during phase k. Clearly, Y, ~ F7),
where F(T) is the 7-convolution of F. Further, let N, be the
number of packets at node XMTR at the beginning of phase &, and
w; be the window size allocated during phase k. For definiteness,
let wy = Ny = 0. In order for RCVR to be able to inform XMTR
of the window size it has selected for a phase, it is necessary for it
to have completed any necessary computation prior to the start of
the phase. Thus, w, must be computed before the end of phase &
-1

Déﬁne

Se=(Ng1—wem)*, k=l @.1n

to be the state of the system at the start of phase . S, will be used
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to compute the value of w, and can be trivially obtained by RCVR
well before the end of phase £ — 1. This is because XMTR sends
Ni_; to RCVR in the first message of phase ¥ — 1 and as T’ is
sufficiently large, RCVR is guaranteed to receive this message
before the start of phase k. In addition, wy_; is computed by
RCVR prior to the start of phase &k — 1.
Since packets arriving during phase & — 1 are not allowed to
use the window allocated during this phase we have
Nk=Sk+ Yk—l' (2.2)
Letp, = Pr (Y, =i),i =0,1,2, --- . The distribution of N,
given §; = s is given by

Pr (Nk=n'Sk=S)

2.3)

_ Pr (Yk_1=n'—s)=pn—s: nzs
“lo, otherwise.

To prevent an infinite expected delay on the link, we assume that

A< 2.9
It is clear that the lowest expected delay per packet is obtained
when w, = T for every k. Under this policy we have a GI/D/1
system with batch arrivals and batch service time and it is known
that (2.4) is a necessary and sufficient condition for the ergodicity
of the system. (See, e.g., [1, pp. 369-414].) Thus, A = 1 will
provide an infinite expected delay per packet under any flow
control policy.

We now define and motivate the objective function that we shall
atternpt to minimize in the next section. Recall that we have to
balance the possible waste of buffers caused by over-allocation
with the possible excessive time-delays caused by under-alloca-
tion. With this in mind, we define the cost incurred per phase,
when there are 7 messages at node XMTR at the beginning of the
phase and a window of size w is allocated to be r(w, n), where

r(w,n) 2b - (w—m)*+h- - (n—-w)t4+c-w (2.5)

and b, A, and c are arbitrary nonnegative constants.

The first term adds to the cost function an additional cost of b
units for every reserved buffer which is not utilized during the
phase. This is due to the fact that the unused storage could be
allocated to another link and is an attempt to capture the cost of
over allocation. The second term adds to the cost function a cost
of A units for every packet which is awaiting transmission at
XMTR at the beginning of the phase but is not transmitted in that
phase. This represents the waiting time of the packet and is an
attempt to capture the cost of under allocation. Finally, the last
term represents a fixed cost ¢, for every unit of buffer storage that
RCVR reserves for XMTR in a phase. This last term attempts to
capture the fact that allocating any window at all results in a
decrease in the availability of the buffer pool. Clearly, the values
of the constants can be adjusted to reflect the operating environ-
ment of the system. For example, if buffer storage is heavily
constrained, it may be desirable to have a large b and ¢ but a small
h. Conversely, if time delays are paramount, & can be set large
and b and ¢ small. Note that the function 7(w, 7) is reminiscent of
the cost function in classical inventory problems. Nevertheless,
we were unable to find any problem studied in the inventory
literature which has the same structure as our problem.

At this point, the problem formulation may lead a reader to
suspect (as we did!) that the optimal long-run average cost policy
is a stationary one and has a linear truncated structure. In
succeeding sections we formally prove that intuition. We use a
direct approach in our proof as this enables us to derive explicitly
the optimal policy and not just to establish hysteretic properties.
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HI. A DiscOUNTED MaRKOV DECISION PROCESS

In this section we formulate a Markovian decision process and
find the structure of the policy that minimizes the total discounted
cost of the system.

A. Notation and Preliminary Results

Here, we derive the optimality equations for the Markovian
decision process for both finite and infinite horizons.

Let S, be the state for the decision problem at the beginning of
phase k. The window size allocated by node RCVR to node
XMTR at the beginning of phase k can be any integer w; in [0,
T1. The cost incurred per phase, when there are n messages at
node XMTR at the beginning of the phase and a window of size w
is allocated is as defined in (2.5).

Let 0 =< 8 < 1 be the interest rate used for discounting future
cost, i.e., the present value of cost ¢ incurred at phase k is ¢ 8%,
Also, let VB(S) be the minimum achievable total cost when the
system is in state s, the discount factor is 3, and there are k steps
to go. Let

L(s, w) & E[r(w, s+ Y)]

where Y is an integer valued random variable with distribution
F(D_ L(s, w) is the expected cost per phase, when the state at the
beginning of the phase is s, and a window of size w is allocated.
From (2.2), (2.3), and (2.5),

L(s, w)= bE (W=n)pu_s+h 2 (n—wW)p,_s+c -
n=0
=c - w+E[dw—-s-7Y)]

where d(x) = b (x)” + A-(—x)*.
The optimality equations of dynamic programming yield

n=w+l

3.1

Ve (s)= 01511327 {L(s, w)+BE[VE(s—w+Y]")}.

From (3.1),
VE,,(s)= min_ {L(s, w)+BVEQ0) Y pi

i=0

+8 E VE(s— w+i)p,}. (3.2

i=w-5+1

From the definition

k
VE(s)=Y, B EIL(S;, wi)

i=1

where the expectation is taken with respect to the probability
measure of the stochastic process Sk, k = 1), given that §|, = s,
and the optimal window sizes, w¥, 1 < i < & are chosen.

Clearly, L{s, w) = 0 and, therefore V8(s) = V& (s). Thus,
by the monotone convergence theorem, the fol]owmg Timit exists:

Vi(s)=lim Vi(s). (3.3)

In the next two lemmas, we show that optimality equations similar
to (3.2) exist for V7 (s) and that V% (s) is also the optimal cost in
the infinite horizon case.

Let IT be any admissible control policy and V4(I1, ) the total
discounted cost of using policy II, and discount 3, given that the
system is at state s and there are k& steps to go. We have

k
VAL s)=" B EJL(S;, w)]

i=1

815

where w; are the windows taken by policy I1.
Let

VE(II, s):lgim VeI, s).

Lemma 3.1: For every # < 1, and every II,
a) VE(IL, 8) <
b) VE(s) = o + y°s

o+ ys

where «, ¥ > 0 are constants.
Proof: For every II and horizon k&

k
VEL, s)=3; BEJ[L(S;, )

i=1

k
=¥ B VEb(Wi—N)* + AN, w)* +cw]

Te+d)
1-g

hEB' LE[N]]

T(c+ b)
1-

hEB’ Ws+i-X-T)

T(c+b) h-AN-T h
= + + 5.

1-8 (1-p)* 1-8

This completes the proof of a) and b). |
Let V#(s) = infy V(11 s), be the optimal cost when the system
is at state s. In general, V?(s) is not necessarily equal to V& (s).
It is easy to verify that the conditions of Theorem 1 in [3] are
satisfied (see also Section V there). Hence, V?(s) is the unique
solution to the optimality equation and is achieved by a stationary
policy

Vﬂ(s)=0<nvlviET {L(s, w)+BVE0) E_ Di
sws i-0

+8 E VE(s—w+i)p;}.

i=w—s+1

(3.4)

From Lemma 3.1 b), (3.2), (3.4) and the uniqueness of V3(s),

V8 (5)=VE(s). 3.5)

B. Properties of L{s, w)

In the next series of lemmas we will prove properties of L(s, w)
which will enable us to establish the convexity of F#(s). The
following lemma is a straightforward result of (3.1).

Lemma 3.2; L{s, s + w) = L(0, w) + c-s.

Lemma 3.3:

a) For every s, L(s, w) is strictly convex in w.
b) L(s, s), L(s, 0) are linear (and consequently convex) in s.
¢) L(s, T') is linear (and consequently convex) is s fors > 7.
Progf: a) L(s, w) as a function of w is the classical cost
function for the inventory problem. See, e.g., [S, p. 170] for its
convexity. [It can also be easily verified from (3.1).]
b) From (3.1)

L(s, s)=h A" T+c-s

and
L{s, y=h-N-T+h-s
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Linearity (and, hence, convexity) in s is apparent.
¢) From (3.1)

L(s, T)=h N - T+(c~-W)T+h s for s>T. 3.6)

Linearity (and, hence, convexity) in s is again apparent. B
Let G (s, w) be the cost of-a policy which ailocates a window
size of w at the first step when the state is s and then continues for
the remaining ¥ —~ 1 steps according to the optimal policy. (We
omit the factor 8 in order to simplify the notation.) We have

Gils, wy=L(s, w)+BE[VE_(Is—w+Y1*)]

—L(s, w)+BVE_,(0) 2 Pi
i=Q

=

+8 Y

i=(w-s+ 1)t

Ve [(s—w+i)p;. 3.7

C. Convexity of Gi(s, w) and Vi(s)

In this subsection, we prove that G,(s, w) is convex in w. This
is a key result in the derivation of the optimal policy (in Section
II1-D). To show this we have to show that V%(s) is convex in 5 and
make use of the properties of L(s, w) established in subsection III-
B. In addition, in our proof of convexity we use direct arguments
and elaborate greatly on the structure of Gi{s, w). This enables us
to specify the optimal value of the window size w}(s) for which

,in_ Gi(s, w)=Gils, wils)= VE(s)

and to derive it in a closed form.
If we were interested only in showing the monotonicity
property of w}(s) as a function of s, a more general approach
such as proving submodularity (see, e.g., [7], [4]) of G.(s, w)
would have sufficed.
From (3.7) and Lemma 3.2, we have the following lemma.
Lemma 3.4: G(s, s + w) = G,(0, w) + c* s. [ |
Let w be the integer which satisfies
L0, wH)<L(0, w)

for every O0=sw=<T. (3.8)

To prove convexity of Gi(s, w) and V;(s) we have first to show
the convexity of the following function:

L@, wH)+c-s
L, T-s)+c-s
L(s, T)

for 0=s=<T-w¥},

g(s)= for T-wi<s<T,

for s>T7.

Lemma 3.5: g(s) is convex in s.
Proof: We have to show that for every s

gls+2)—-g(s+D=g(s+1)—g(s). 3.9

From Lemma 3.3 a), L(0, w) is convex in w. In the interval [0,
T, the first summand of g(s) equals L(0, w¥)untils = T — w§
and then it varies from L(0, w} — l)to L(0, 0) Therefore, g(s) i 1s
convex in the interval {0, T] as it is the sum of two convex
functions.

From (3.6) L(s, T) is also convex for s > T and, thus, g(s) is
convex in the interval [T, oo].

Finally, it is left to show that (3.9) holds fors = 7 — 1, T.

iys = T — 1. From the definition of g(s), (3.1), and Lemma
3.2,

g(T+1)~g(M)=h
and

g(M)—g(T-1)=LO, O-LO, +c=h—py(h+b).
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Thus, (3.9) holds since A, & > 0.
ii) s = 7. From the definition of g(s),

g(T+2)—g(T+D)=h=g(T+1)—-g(T).

Thus, the assertion is true. |

In the next lemma we show that Vﬁ(s) is convex. The reader
should note that general results from [7] can be used to prove
convexity. However, we use a constructive proof which specifi-
cally derives the optimal window sizes. As mentioned previously,
this approach is chosen because a more general approach (such as
{71, 14]) can only provide monotonicity properties.

Lemma 3.6:

a) For every &k and s, G (s, w) is strictly convex in w.

b) For every kand 0 < 8 < 1, V8(s) is convex in 5.

Proof: The proof is by induction on k. First, we consider &
= 1. Since G (s, w) = L(s, w), from Lemma 3.3 a), part a) of
this lemma is true for & = 1. To show part b), let w¥ be as in
(3.8). If w¥ = 0, then from Lemma 3.2

L(s, s)<L(s, s+w") for every w’'=0. (3.10)
Also, for w < s,
L{s, wy=h-A-T+h - -s+{c—-h)w, (3.11)

Thus, from (3.10) and (3.11)

L(s, s)
L(s, 0)

if h=zc,

8 = i =
Vi) PRl L(s, W) { if h<c.

From Lemma 3.3, in either of the above cases, V%(s) is convex.
Consider now the case where w§ > 0. From Lemmas 3.2 and
33a)

L(s, s+wf)=<L(s, s+wi-1)

and
L(s, s+wf)<L(s, s+w¥+1).

Therefore, L(s, s + w¥) is a global minimum and

V8(s)= min_ L(s, w)
OswsT

L0, wi+c s for s=T—-w}
={ L0, T—5)+c s for T-wi<s<T
L(s, T) for T<s.

From Lemma 3.5, it is clear that V’f (s) is convex. Thus, we have
proven assertion b) of the lemma for & = 1.

To prove the lemma for the general case, we will use an
inductive argument. Suppose that the assertions a) and b} are true
for k. We will now prove them for & + 1.

We shall first prove convexity of G 1(s, w) and subsequently
show that this implies strict convexity. From (3.7)

Giei(s, w)=L(s, W)+, VE(i+s-w)p;
i=0

where
VE©)

ViU)= .
«) {Vﬁ(n

Since {p; i = 0} is a probability measure and V() is convex
by induction, the second part of Gy 4(s, w) is convex in w. Also,
from Lemma 3.3 a), L(s, w) is convex in w. Thus, G, (s, w) is
convex in w as it is the sum of two convex functions, and assertion
a) of the lemma is proven.

for j<0,
for j=0.
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We will now prove that V2 (s) is convex.
Let w}, | be the integer which satisfies

G100, w¥, )=<Gr1(0, w)  for every Osw=T7. (3.12)

Proposition 1: If w¥_ = 0, then V% _ (s) is convex.

Proof: See the Appendix.
Proposition 2: If w¥_ > 0, then V& _ (s) is convex.
Proof: See the Appendix.

Propositions 1 and 2 prove the convexity of V2(s) and Gi(s,
w). Strict convexity of Gy (s, w) follows from definition (3.7) and
the fact that L(s, w) is strictly convex. This completes the proof of
Lemma 3.6. |

D. The Optimal Policy

For every horizon ¥ = 0 and discount factor 0 < 8 =< 1, let
wi(B) be such that

o min G0, w)=Gy(0, wi (). (3.13)

Part a) of Lemma 3.6 guarantees that the minimum exists and is
unique. Further, let m}(B8) be the smallest integer m (if exists)
such that

B i [VE_(m+1+D)—-VE_ (m+D)]pi—(c—h)=0.
i=0

If such an m does not exist, we define m}(8) = o. Also, let
w¥ (s, B) be the optimal window size when the system is at state s,
the discount factor is 3, and there are & steps to go.

From Lemma 3.6 and the proofs of Propositions 1 and 2 we
have the following theorem which establishes the structure of the
optimal policy for the finite horizon case.

Theorem 3.1: a) If w¥(3) = 0, then

0, for 0=s=m}(B),
wi(s, B)=9 s—mi(B), for m}(By=s=m}(B)+T,
T, for m§(B)Y+7T<s
and
Gi(s, 0), for 0<s<m#(R),
VE(s)=1 Gi(s, s—m¥(B), for m¥(B)<s=mi(B)+T,
Gk(s, T), for m}(B)+ T<s.
b) If w¥(8) > 0, then
wiGs, )= {s+ w#(B), for 0<s=T-wi(B),
T, for T-wi(B)<s
and
G0, wEi () +c - s, for 0=s=<T~w}(B),
Vﬁ(s): Gy (0, T—5s)+c - s, for T-w}(By<s=T,
Gi(s, T), for 7<s.

Next, we consider the infinite horizon for 8 < 1. Let

G(s, w)=I!i_{n Gi(s, w)=L(s, w)

+BVE(s) z_p,-+ﬁ S, VE(s—w+i)p.

i=0 f=w—s+1
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From Lemma 3.1 G, (s, w) < o, and from (3.4) and (3.5) G(s,
w) is convex in w and V'3(s) is convex in s as a limit of convex
functions.

Let w*(8) be such that

minT G0, w)=G(0, w*(B)).

O=sws

Also, let m*(8) be the smallest integer m (if exists) such that

8 i [VE(m+1+D)—-VE(m+i)pi—(c—h)=0.
i=0

If such an m does not exist we define m*(8) = oo. Further, let
w*(s, ) be the optimal window size when the system is at state s
and the discount factor is 8. (Recall from (3.4) that the optimal
policy is stationary.)

As for the finite horizon we have the following theorem for the
infinite horizon.

Theorem 3.2: a) If w*(8) = 0, then

0 for 0=ss=m*(p),
wH(s, B)= 14 s—m*(B)  for m*(Byss=m*(B)+T,
T for m*(B)+7T<s
and
G(s, 0) for 0<s<m*(B),
Vi(s)=1{ G(s, s—m§(B)) for m¥(B)<s=m*(B)+ T,
G(s, T) for m*(B)+ T<s.

b) If w*(8) > 0, then

« ) s+ wH(B) for O0<s<T-w*(f8),
w(s, )= {T for T—wH(B)<s

and

GO, w¥(B)+c " s
G0, T—s)+c-s
G(s, T)

for 0=s<T-w*(f),
for T—wH*(f)<s=<T,
for T<s.

v¥(s)=

We have established the structure of the optimal policy for the
infinite horizon case. A graphical representation of the policy is
givenin Figs. 1 and 2. We have represented a discrete function by
a continuous line and therefore for accuracy, one should only
consider the integer points on the line. It is seen that the optimal
window size is a linear function of the state, with a slope of unity,
and truncated at O and at 7. The value m*(8) represents the
smallest state at which it is optimal to allocate a nonzero window.
In Fig. 1, w*(B) is larger than zero and m™*(8) is strictly zero.
Thus, even if it is known that there are no waiting packets left in
the previous phase it is optimal to allocate a nonzero window. In
the next section, we shall show that for the nondiscounted average
cost case, this is the situation that applies. The optimal window
size in this case is simply the current system state s added to the
optimal window size that would have been allocated if the state
had been zero w*(@3), truncated above by 7. Thus, all that is
necessary to compute the optimal control is to know the value of
w*(8).

In Fig. 2, w*(@) is zero and m*(3) may be larger than zero.
The structure of the optimal policy is similar, but for small values
of the state variable s, it may be optimal to allocate a zero
window.
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2’

T-w¥®) S
The optimal policy for w*(8) > 0.

Fig. 1.

Pa¥
w¥(s.p)

m*E)  m*@)T S
The optimal policy for w*(8) = 0.

Fig. 2.

IV. THE LoNG RUN AVERAGE COST

In this section we extend the results of the previous section on
the discounted cost criterion to the case which is usually of more
interest in real computer networks, the long run average cost
criterion. We show that the optimal flow control policy for this
case is stationary and has a structure of the form given in Fig. 1.

Let P be the set of admissible policies for an infinite horizon.
ForIl € Pand 0 < 8 < 1 we define Vi(II, s), V3(11, s), and
V8(s) as in Section III. Also, for 8 = 1, let

Vi(Il, s)=V (11, s),
_ 1
VI, )= lil\plsup p Vi (11, s)

and _ _
V(s)=ir},f Vi, s).

We begin by showing the relation between the long run average
cost function and some typical parameters of interest in computer
networks such as average packet waiting time. For every IT under
which the underlying Markov chain is ergodic, we have

_ 1
V(I1, s)=/}im P V. (11, s)
1y
= lim ;2} EJ[b - (wi—N)*
+h - (Ni=w)*+c - w]

_ R

=h - N+(c=h) - I}l_{l;lc 22 EJw]
&

- lim - —N]*

+(b+h) l}l_{l;kg]Es[w, 1]

where w;, i = 1 are the actions taken by policy II, and N =
limy~o 1/kZ% = E([N], is the stationary expected number of
packets in the system at the beginning of a phase. All expectations
and probabilities are taken with respect to the probability measure
of the Markov chain generated by the policy IT and the initial state
s.

Note that if # = 1/AT7, we have from Little’s theorem that the
first term of V(I1, s) becomes the long run average waiting time of
a packet in the system. The second term is the expected window
size or, equivalently, the expected amount of buffer storage that
the receiver must reserve for the transmitter. The last term
represents the expected amount of unused storage.
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Next, as in [3] we shall derive results for the long-run average
cost case by letting 8 — 1 in the discounted cost case.

First, we shall show that for 8 close to 1, only the cases
presented in Fig. 1 or in Fig. 2 with m*(8) = 0 are possible.

Lemma4.1: 18 > 1 — h/cand w*(8) = 0, then m*(3) <
o,

Proof: Suppose in contradiction that m*(8) = co, then the

optimal policy IT*, always allocates a window size w*(s, 8) = 0.
From the definition

Vi(s)=VE(II*, 5)=Y) B* ' E[L(S;, 0)]
k=1

=Y B h-s+h- N T+(k=Dh-\-T]
k=1

I S

(1-8)2 1-8 7
Let IT¥ be the policy which always allocates a window size of zero
except at the first step when the state is 5. In this first step it
allocates a window size of s. Thus,

4.1

©

VAIE, s)=L(s, $)+B Y pi D, B 'E[L(Sy, 0)]

i=0 k=1
> h-i h-XN-T
=h-A-T+c- s+ (=t
6,._20" <1—6 (1—6)2>

B h-X"T B-N-T

=h+N:T+c:- s+ 1-3 +(1_’3)2
h-a-T
=C‘S+W. 4.2

From (4.1) and (4.2) we have
VALY, s)< VE(IT*, s)

which is a contradiction. Thus, m*(8) < oo.
Lemma4.2: X3 > 1 — h/cand w¥*(3) = 0, then m*(B3) =
0.

Proof: Let 7 be the first time when the total number of
arrivals is at least m*(3). From Lemma 4.1 this 7 is a finite
stopping time.

From the definition of F3(s), its convexity and the structure of
the optimal policy as given in Fig. 2,

VE(1)— V5(0)

1
=E, {E B EL(Ses O] EolL(Sk, O]

k=0

+B7TTIEVE(S,) - E, Vﬁ(Sf)]}

7-1
=E; {E gr-! {EI[L(Sk, 0] - Eo[L(Sk, O

k=0

+BT [ VE(m*(B)+ 1) - Vﬁ(m*(ﬁ))} ]

T—1
E, {h Y, B4+ BT L(mH(B) + 1, D)~ L(m*(), 0)1}
k=0

—QRr-1
=E; {ﬂl]_ﬁ—ﬁ)-*'ﬁr—lc} =min {1}%6 ,c} =c.

4.3)
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Here, E,[f(7)] is the expectation of f(7) with respect to the
probability measure of 7.
From (4.3) and the convexity of V%(s),

> h
B¢i — 1 L . —_— =C—
8 E [VE(i+1)-VE(D)]pi=B * c> (1 c> c=c—h.

i=0

Hence, from the definition of m*(8) we have m*(3) = 0. W

From Lemma 4.2, the optimal flow control policy for 8 > 1 —
h/c has the form presented in Fig. 1 with w*(8) > 0, or the form
presented in Fig. 2 with m*(8) = 0.

In the next theorem we shall show that the optimal policy for the
long-run average cost has the same form.

LetB8, > 1 — h/c, n = 1, be a sequence of discount factors
such 8, — 1. For every 8,, w*(s, 3,) is the function defining the
optimal flow control for the discount factor 3,. Since w*(s, 8,) is
discrete and w*(s, 8,) = T forevery s = T and 3,, there exists a
subsequence 3,+ such that

wi(s, Bur)—wH(s).

n’'—o

Moreover, w*(s, B8.,¢) = w*(s) for n’ sufficiently large.
Therefore, for 8, sufficiently close to 1, the optimal policies are
all equal, and are as defined by the function w*(s), with the same
form as given in Fig. 1, that is,

s+w*(B)  for 0<s=<T—w*(f),

w*(s, B)= {
T for T—w*(B)<s.

Theorem 4.1: The stationary flow control policy, which
allocates a window w*(s), when the system is in state s, is the
optimal policy for the long-run average cost. Moreover, the
optimal cost is limg_.; (1 — B)VE(s) = V(s5) = V(0).

Proof: All the assumptions and conditions of Theorem 2 in
[3] are satisfied. Thus, the limit of the optimal discount policies is
the optimal long-run average cost policy. Moreover, limg..; (1 —
BYVi(s) = V(s) = V(0).

In the next section we shall evaluate the cost function of a policy
that has the structure given in Fig. 1, and for a Bernoulli arrival
process we shall explicitly specify the optimal policy.

V. THE EVALUATION OF THE OPTIMAL PoLICY

In this section we consider only the long-run average cost case.

Let P* be the set of all control policies defined by a function
with a structure given in Fig. 1 (the optimal structure).

Clearly, a policy in P¥* is defined by a single value w, 0 < w <
T, which is the allocated window when the system is in state 0.
For every 0 < w < T, let II,, denote a policy in P*,

Lemma 5.1: If 11, € P*

VE(Il,, s)=V(M,, O)+c+s  for O0<s<T—w.
Proof: The assertion follows directly from the dynamic
equation of the policy, Lemma 3.2, and (2.3).

From Theorem 4.1 the optimal policy, for the average cost

criterion is the policy IT*, which satisfies

(1-B)VE(II*, )= min (1-B)V4(I,, 0) 5.1
n,EP

for 8 close to 1. Clearly, the same policy also minimizes VA(II,
0).
A. The Bernoulli Arrival Process

Suppose that X;, i = 1, takes values 0, 1 with probability 1 — r
and r, respectively, i.e., F(0) = 1 — rand F(1) = 1.
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Lemma 5.2: Under every policy IT,, € P*,if S, = T — w,
then S, <= T — wforevery k = 1.
Proof: Suppose by induction that Sy = T — w. From (2.1)
and (2.2)
Ser1=(Sk+Yio1-wi) " (5.2)

where Y,_, ~ FD. Since X;, i = 1 are Bernoulli variables, Y;_,
< T. From the definition of the policy Il,, the inductive
assumption, and (5.2), it folows that,

Ser1=(Yp1—w) =T—w.

From the dynamic equation of a policy II,, and Lemma 5.1,

V8(I,, 0)=L(0, w)+BVA(Il,, 0)F D (w)

T
+8 Y VAL, i-wp

i=w+l

T
=L(0, w)+BVA(IL,, O+B Y, (i-w)-c- p;,

i=w+l

where p; = (N)r'i(1 — H7~"and FO(W) = X p;.
Hence,

(=B VP, O=c- w+b ¥ (w—i)p;

i=0

T
+(h+B ) Y (i-wip. (5.3)

i=w+l

wt=min {w|(B+)FD(w)>h(1-FT(w)}. (5.4)

Roughly speaking, w* is the value for which
(b+YF D (w)~h(1-FT(w))}.

This interprets the optimal policy in terms of the expected
marginal costs.

Theorem 5.1: The policy I1,,* is the optimal policy for the
long-run average cost criterion and

wt I
V=c- w*+b Y, (w*=ipi+(h+c) Y, (i-w¥p;.

i=0 i—wer 1

Proof: From Theorem 4.1 it follows that the optimal policy
is a policy, I1,, € P#*, with w which minimizes the right-hand side
of (5.3) when 8 = 1. It is easy to verify that w* which is defined
in (5.4) is the value of w that does it. The second part of the
assertion follows from Theorem 4.1. |

B. The General Renewal Arrival Process

Suppose that Y, k = 1, take integer values up to N (possibly
infinite). Fix a 3 close to 1 and let

M(w, D=Vi11,, i).
Further, let
yon=L(n+1, T)—L{(n, T), for n=1,

3

= Y, [M(w, i+1)=M(W, D]Di-n+ws

i=T-w

for n=0.
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@(B)= Y, YiPi-new +B-c Y, [FORT-w-i-1)
i=T-w i=T-w

—FOAT—i=DIpi-ns -

From the dynamic equations of I,,, and Lemma 5.1, we have for {
=T - w,

M(w, i+1D)=M(w, D=y;+8 3, [M(w, i+1-T+}j)
j=T—i

-M(w, i—-T+j)p;
=y;+B8 * cIFDQT-w—-i-1)
—FO(T—i-1D]+Boy-7+w- (5.5)

Multiplying both sides of (5.5) by pi_ » and summing up from T
- w,

an=a,(B)+ 8 2 Cj-Trwli-n+w

i=T-w

=a,(B)+B 2 QiDi_n+ws

for n=0. (5.6)
i=0
Let
_PT Pr-t Prs2 7
DPr—y Pr Pri
Pr-2 Pr-1 Pr
A=l p b D2 .
0 Po D1 D
0 0 Po P
0 0 P Divi
a(B)=(a(B), a\(B)a(B), ---)T
(X=(Q’0, oy, G2, “')T
where V7 is the transpose of vector V. Then
a=a(f)+8 - Acw. (5.7

Note that when N < oo, (5.7) is a finite set of linear equations.
Next, we shall represent VE(Il,, 0) as a function of @. From
(5.5) and Lemma 5.1, we have fori = T — w,

M(w, i+ D=M(w, O}+c - (T-w)+8- ¢

> [FOQRT-w—j~1)-FD(T-j-1)]

Ji=T-w

i
+8 Z Oj_Tewe

j=T-w
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Hence,

VE(Il,, 0)=M(w, 0)=L(0, w)+BM(w, 0)F{D(w)

+8 Y M(w, i~w)p;

i=w+1l

=L, w)+BM(w, 0)FD(w)

T
+8 Y, (M(w, 0)+(i-w))p;

i=w+l

+8 5) pi {M(W, 0)+(T-w)e

i=T+1

+B8-¢ 2 (FDRT-w-j-1)

i=T-w

SFO(T—j~1)+8 3 a,--m}

J+T-w
=L(0, w)+BVE(l,, 0)

T
+B ¢ Y, ipitB - c(1-F(T))

i=w+l

=B c(1-FD(wy)

+B%c i Di l—zw [FODRT—-w—j+1)

i=T+1 j=T-w

—F(D(T=j=1)]

© i—-w
+ 82 E Di 2 OjTrwe

i=T+1  j=T-w
Thus
(1-BVEel,, 0)=L(@O, w)+4(8, w)

+82°% 5 Y aprew (58)

i=T+1 ji=T-w
where
T
7B, w)=B8-c E i pi+B - c(1-FT(TY
i=w+l
-8 e(1-FTD(w))
8¢S Y IFDET-w-j-1)
i=T+1  j=T-w
—FD(T—j~1).
Recall that

lim (1-6) VeI, 0)=v(l,, 0).

From Theorem 4.1, solving e in (5.7) for 8 = 1, substituting the
solution in (5.8) with 8 = 1, we obtain the long-run expected cost
for a policy I1,, € P*,

Note that all the expressions in (5.7) and (5.8) are well-defined
and finite for 8 = 1.

To find the optimal policy in the general case we have to
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evaluate numerically V(I1,, 0) for different w and find the best w
by a binary search.

VI. CoNCLUSION

In this paper we focused on a single hop and characterized the
influence of the other hops that share the same storage resources
by penalizing excessive storage usage in the cost function. This
clearly simplifies the flow control problem and makes it mathe-
matically tractable. It would obviously be preferable to explicitly
include the other hops in the model and find an optimal policy that
optimizes some global objective function while using information
on the state of all hops to make its decisions. This general problem
is extremly difficult and it is unlikely that clean solutions can be
found. However, as understanding the single server queue
enabled an understanding of networks of queues, it is hoped that
our study of the single link problem will shed some light on the
more general problem. Extending our model to include other links
and queues is certainly a subject for further study.

APPENDIX

Proof of Proposition 1: From (3.12) and Lemma 3.4

Gy 1(8, $)=Gri (5, s+W") for w’ =0. (A.1)

Let
am=8 i [VE(m+1+0)—VE(m+)lp;
i=0
and let m* be the smallest integer such that
az=c—h.
From (3.1) and (3.7)
Gryi(s, s—m—1)=Gyyi(s, s—m)
=a,—(c—h), for m<s (A.2)

and from the definition of m*

ap<c—h, for m<m¥*.

Therefore, as G, (s, W), is convex in w, (A.1) and (A.2)

Giiq(s, 0) for s=m¥*,

min Gy, (s, W)=
w=0 for s=m#*,

Gy +1(s, s—m*)
Thus,

V‘Z+,(S)=Osrr;,igr Girr(s, w)
for s<m*

for m*<ss=m*+ T
for m*+ T<s.

Gk+[(s9 0)
= 9§ Grii(s, s—m*)
Grls, T)

To prove convexity of Vf ,1(8) we have to show that the various
functions from which it is composed are convex in their domain
and that convexity is preserved on the boundaries. From (3.7)

Gisils, 00=L(s, 0)+8 i Vi(s+Dp;.
i=0

(A.3)

The second summand in (A.3) is convex in s by induction and the
first summand is convex in s from Lemma 3.3 b). Thus, Vﬁ a®
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is convex in [0, m*]. Further,

Gis (s, s—m¥)=L(s, s—m*)+8 >, VE(m*+i)p;
i=0
=h- A T+(h—-c)ym*+c - s

+B8 Y Vi(m*+i)p;.
i=0
Thus, Vﬁ ,+,(8) is convex in [m*, m* + T1]. Furthermore, for
s>T

A4

Grai(s, TY=L(s, T)+B Y, Vi(s—T+i)p;,

i=0

(A.5)

which is convex in s by the inductive assumption and Lemma 3.3
c). Thus, V& _ (s) is convex in [m* + T, oo].

To finish the proof of the convexity of V%, (s), we still have to
show that the following conditions hold on the boundaries
(whenever meaningful):

1) G (m*+2, 2)— Gy (m*+1, 1)
2Gg 1 (m*+1, 1)=Gera(m*, 0),
i) Gepr(m*+1, 1)—Gyyi(m*, 0)
2 Gy (m*, 0)— Gypy(m*—1, 0),
iil) G (m*+T+2, TY) -Gy (m*+T+1, T)
=G (m*+ T+, T)=-Grypi(m*+T, T),
V) G (m*+T+1, T)- Gy (m*+ T, T)
> Gy, (M + T, T)= Gy (m*+T—1, T—1).
Case i): From (A.3) and (A.4)

Grrt(m*+2, 2)~Groa(m*+1, 1)
=G (m*+1, 1)= Gy, (m*, O)=c,

and Case 1) holds.
Case ii): From (A.3) and (A.4)

Grpi(m*+1, 1)=Gryr(m*, 0)=c
and

Gis1(m*, 0)— Gy (m*—1, 0)

=h+8 Y, [VE(m*+i) - VE(m*~1+D)p,.
i=0

Thus, Case ii) follows from the definition of m*.
Case iii): From (3.6) and (A.5)

Geri(m*+T+2, T)—Groy(m*+T+1, T)

=h+8 Y [VE(m*+2+0) - VE(m*+ 1+ i) p;

and i=1

Gert(m*+ T+1, T)=Gyyy(m*+T, T)
=h+8 Y, (VE(m*+1+0)— VE(m*+D]p;.
i=0
Thus, Case iii) follows from the inductive assumption on the
convexity of V2(s).
Case iv): From (A.4) and (A.5)

G (m*+T+1, T)~Gyyy(m*+T, T)

=h+8 Y, [V8(m*+1+)—VE(m*+D)lp;

i=1
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and
G (m*+ T, TV -G \(in*+T—1, T-1)=c.

Thus, Case iv) follows from the definition of m*.
The proof of Proposition 1 is complete.
Proof of Proposition 2: From (3.12) and Lemma 3.4

Gri1(s, s+wE )=Groi(s, s+w} +1)
and from the assumption in the proposition,
Gi1(s, s+wi, V=Gra(s, s+wi  —1).

Therefore, from the convexity of Gy, (S, W) in w, G, (5, § +
w¥ ) is a global minimum. Moreover, from Lemma 3.4

5 o
Vk+1(s)"o$§r Gre1(s, w)

for s<T-w}, |,
for T—w§, <s=<T,

for s>T.

Gi1(0, Wk, )+c s
=3 Gy 10, T-5)4+cC 5
Gri(s, T)

In the interval [0, T, the first summand of V%, (s) equals
Grat(0, wii)uptos = T — wy,, and then it varies from
Gy (0, wE,, — 1) to Gy, 1(0, 0). Since Gy, (s, W) is convex in
w, Vfﬂ(s) is the sum of two convex functions and is therefore
convex in [0, T1].

From (3.6), (A.5) and the inductive assumption Gy, (s, T') is
convex in s in (7, o) and so is V% (s).

To finish the proof we have to show the following boundary
cases:

) Geyo(TH+2, TY-G ((T+1, T)
=G (T+1, T)—Gpy1 (0, 0)—c - T,
i) Geoi(T+1, T)=Gy1(0, O)—c - T
=Gp1(0, OV +c > T—Gyi 10, 1)—c - (T-1).
Case i): From (3.6) and (3.7)
G (T+2, T)— G (T+1, T)

=L(T+2, T)-L(T+1, T)+B i [VE(E+2)-VE(i+ )]p;
i=0

=h+B8 Y, [VE(i+2)- VEi+ Dlp;
i=0

and

Get(T+1, T)=Gin(0, 0)—c - T

=L(T+1, T)=L(O, O)—c - T+B 3, [VE(i+1) - VE@)p;

i=1
=h+B Y, [VEG+ D= ViDlp:
i=0

Thus, Case i) follows from the inductive assumption on the
convexity of Vz(s).
Case ii): As n Case i),

G (T+1, T)=Gyi0, 0)—c - T

=h+8 Y (VA +D)~ VDI,
i=0
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and

Gis1@, O)+c - T=Gn(@, D—c - (T-1)

=c+L0, 0)-L©O, D+ E [VE(i)— VE(i-Dlp;
i=0

—-BVEO0)po

=h+B 3, [VEH) - Vi~ 1]~ BVEO)po—(h+b)po.
i=0

We know that &, b, ¢ > 0, and that V2(s) > 0 and by the
inductive assumption Vﬁ(s) is also convex. Therefore, Case ii) is
true.

The proof of Proposition 2 is complete.
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