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Abstract — Customers arrive in a Poisson stream into a network consist-
ing of two M /M /1 service stations in tandem. The service rate u € [0, ¢}
at station 1 is to be selected as a function of the state (x,, x,) where x; is
the number of customers at station / so as to minimize the expected total
discounted or average cost corresponding to the instantaneous cost ¢ x; +
¢3X,. The optimal policy is of the form u=a or u=0 according as
X, <S(x,) or x;=S(X,) and S is a switching function. For the case of
discounted cost, the optimal process can be nonergodic, but it is ergodic for
the case of average cost.

I. INTRODUCTION

HE search for the optimal control policy in queueing

control problems can be simplified if it is known that
the optimal policy has a special structure, e.g., “ bang-bang”
or “switchover.” Queueing models consisting of a single
service station with controllable service times have been
studied for various cost functions and shown to possess
switchover optimal policies.

An extensive bibliography on queueing control models
can be found in Grabill et al. [4]. The analysis of an
M /M /1 model by Lippman [5], [6] extends earlier results
of Grabill [3]. In his study of an M /G /1 model, Gallisch
[2] gives conditions on the cost function and service time
distribution which imply switchover optimal policies. He
extends results obtained in Schassberger [8] where the
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service cost is linear and the waiting time cost is not
allowed, and in Tijms [9] where the waiting time cost is
linear. Formulas and properties of the long-run average
cost under switchover policies are derived in Tijms et al.
[10]. They unify several specific models for controlling
service and arrival rates in an M/G /1 model. The for-
mulas derived there for the cost may be used to obtain
operating characteristics of the system. For an M/G/1
system, Mitchell [7] and Doshi [1] derive similar properties
of e-optimal control laws when the cost is convex and
separable in service rate and queue length.

There does not seem to be any study of optimal policies
when there are two or more connected service stations.
This paper analyzes the simplest such case where customers
in a Poisson stream enter a network consisting of two
exponential servers in tandem. The service rate u € {0, a] at
station 1 is to be selected as a function of the state (x, x,)
where x, is the number of customers in station i. The
instantaneous cost is linear in the waiting times at the two
stations ¢,x, + ¢,X,, and we show that the policies which
minimize the total expected discounted or long-run average
cost are switchover. That is, the optimal policy is char-
acterized by a switching curve S: u=a or u=0 accord-
ingly as x, = S(x,) or x,<S(x,). The optimal S can be
interpreted as the condition that x, = S(x,) iff in the state
(x,, x,), the marginal increase in the expected cost is the
same whether a marginal customer is added to the queue at
1 or at 2. This interpretation also explains the fact that the
optimal S is monotonically increasing.

The analysis of the problem differs in two respects from
the previously mentioned studies of a single server. The
first concerns the convexity of the value function. In a
single server model, the state space is one dimensional, and
showing convexity of the value function using the optimal-
ity equations is usually sufficient for proving switchover of
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the optimal policy. In our case, the state space is two
dimensional, and the proof of convexity does not directly
follow from the optimality equations. Our proof is based
upon constructing an equivalent linear programming prob-
lem and deducing convexity from the duality theory. The
second difference concerns the analysis of the case of
long-run average cost. In single server models, it is usually
trivial to show ergodicity of the optimal process for the
discounted case. The average cost is then treated as a limit
of the discounted case as in Lippman [5]. In our problem,
the optimal process for the discounted case can be non-
ergodic (in fact, all states can be transient), and so the case
of average cost cannot be treated as the limit of the
discounted case. Instead, we follow the unusual procedure
of moving to the average cost from the finite horizon
problem.

The paper is organized as follows. In the next section,
the continuous-time problem is transformed into one with
discrete time by looking at an embedded Markov chain,
and the optimality conditions are written down. In Section
II1, the equivalent linear programming is introduced to
prove convexity of the value function. The optimality
conditions and convexity are used in Section IV to show
that the optimal policy is switchover for the finite horizon
and discounted problems. The average cost case is treated
in Section V where a separate argument is given to show
ergodicity.

II. THE EQUIVALENT DISCRETE-TIME PROBLEM

Customers arrive in station 1 in a Poisson stream with
constant rate A. The rate at time ¢ of the exponential server
in station 1 can be selected to be any number u, in [0, a].
Upon completing service at 1, a customer joins the queue
at station 2 which is served by another exponential server
with constant service rate p. Let x,, be the number of
customers at time ¢ in station i, the customer in service
included. and let x, = (x,,, x,,) denote the state at ¢. u, is to
be selected knowing x,.

The cost incurred per unit time in state x is ¢’x =c¢,x, +
¢, X, where ¢, >0, ¢, >0 are fixed. Let >0 be the interest
rate used for discounting future cost, i.e., the present value
of cost ¢ incurred at time ¢ is ce”*. Let V%(x) be the
minimum achievable cost when the time horizon is 1 =0
and xg=x.

Dynamic programming considerations lead to the fol-
lowing optimality conditions for V.

Kﬁm(x)
=c¢'xdt + e

inf  {AdtV(Ax)+ pdtV*(Dx)+ udtV¥(Tx)

+H[I=(A+p+u)d] Vi (x)+o(dr)},
= c'xdt + e ““(NdVA( Ax)+ pdtV(Dx)
+[1=(A+p)dr]vi(x)}

+e7ad inf udi[VA(Tx)— VX (x)]+o(dr). (2.1)

O<u<a
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In (2.1), 4, D, T are functions representing an arrival at
station 1, a departure from station 2, and a service comple-
tion at 1. That is, A(x,. x,)=(x,+1, X5); D(x;,x,)=
(xp, (%, = D) T(xy, x,)=(x,—Lx,+1) or (x,x,)
accordingly as x; >0 or x, =0.

Observe that by writing the optimality conditions in this
way, we ar¢ adopting the convention that an idle server at
stations 1 or 2 (idle by choice or because of lack of
customers) is serving a dummy customer who incurs no
waiting cost and who never leaves the station. This is
permissible because of the memoryless nature of the
exponential service time.

From (2.1) it follows that the policy given by u =0 if
Ve (Tx,) >V (x,) and u,=a if VZ(Tx,)<V2 (x,) is
optimal. Hence, we can limit attention to policies which are
“bang-bang,” i.e., which take values in {0, a}. To convert
the problem into one in discrete time, we henceforth limit
ourselves further to those bang-bang policies which change
values only at a transition epoch, including as transitions
those due to service completions for dummy customers.
Call this class of policies P. For the infinite horizon
problem, this is an inessential restriction since the optimal
policy is stationary, and hence it is in P. For the finite
horizon, this is a restriction.

The transition epochs 0 =1, <t;<{r,--- <t,--- are the
same for all policies in P. In fact, the interepoch intervals
are independent and have the same distribution, Prob{z, | ,
—t,>t}=exp—t(A+p+a). The cost incurred by a
policy (in P) over the random interval [0,¢,] and with
initial state x is

n—1
t, el
Ef e e'x dt=E, fk 'e ¥c'x, dt
0 0 "4
e
= EXE{c’x, Ef e "’dt]
k
Ik

1
= EXECIXIAEE[‘-’_O‘“ —e %], (2.2)
Since the 7, , —,’s are i.i.d., therefore Ee~** = 8% where

o0
B=Ee =f e (A +pt+a)e Mg
0

_ Atpta
Ta+A+pta’ (23)
Substituting, we see that the cost (2.2) equals
_B n—1
E, 2 Bfx,, (2.4)
o k=0 *

provided that 8 <1, whereas if 8 =1, then it equals (A +p
+a)7'ZE ¢'x,. It is convenient to ignore the constant
factor and take as the cost

n—1

E, 2 Bkc’x,k
k=0

which is valid for 0<f<1. Writing x, =x, , we see that
the search for the optimal policy in P over the random
interval [0, ¢,] is equivalent to finding the best policy over
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[zk=0

Fig. 1. The Markov decision problem.

the horizon [0, #] for the following discrete-time Markov
decision problem.

The state space is N? where N={0,1,2,- - - }, the action
space is {0, 1}, and the one-step transition probabilities are

A ifx, = Ax,

- if x4, = Dx,
P(xpail X 2p1) = a ifx . =Tx,, 2., =1
a ifx, ,=x., z,,=0.
(2.5)

In (2.5), the (A, p, a) are proportional to the (A, p, a) in
(2.1) and are normalized so that A+p+a=1. z,,,=1,
respectively 0, corresponds to u, = a, respectively 0, during
the interval {z,,¢, ] 1—2z,,, can be interpreted as the
probability of recycling a customer as in Fig. 1.

The cost is given by E 2" 'B%c’x,. Let V¥ denote the
minimum achievable cost. It is characterized by these opti-
mality conditions: Vf(x)=¢’x and

VA (x)=cx+B min {(AVA(Ax)+ pVE(Dx)
€ (0.1}

+azVB(Tx)+a(1—-z)VE(x)}
= ¢'x + B{AVE(Ax) + pVE( Dx)

+amin (VE(x),VE(Tx))}. (2.6)

Furthermore, when there are & steps to go and the current
state is x, the optimal action is z=0 if VA(Tx)>VE(x)
and z =1 if VA(Tx)<VE(x).

Clearly, ¢’x =0, therefore VA(x)<V?

P_{(x). and so this
limit exists:

VE(x)= lim V&(x).
n— X
Lemma 2.1: VE<oo for <1.
Proof: Let |x| =|x,| + |x,| and |c| = max(¢,. c,). For
any initial state x and any policy, the state x, at time k
must satisfy |x, | <|x| + k. Hence,

2.7

n—1

VE(x)< X B*|cl(lx|+k)
k=0

el B
(1-8)

el Ix]

1-8

< (2.8)

< 0.

O
it follows from Theorem 1 in Lippman [5] that for 8 <1,

the minimum cost for the infinite horizon

o0
VB(x)=min 2 E.c'x,
k=0

IEEE TRANSACTIONS ON AUTOMATIC CONTROL., VOL. AC-27, NO. 3, JUNE 1982

is achieved by a stationary policy. Moreover, V* is the
unique solution to the optimality condition

VB(x)=c'x + B{AVE(Ax)+ pVP(Dx)
+amin(V8(x), VE(Tx))}. (2.9)
From (2.6), (2.7), and the uniqueness of ¥, it follows that

VE=VE, (2.10)

L. VP(x)1s CONVEX

We have been unable to show that ¥£(x) is convex by
using the relation (2.6). Instead, we give a linear program-
ming problem equivalent to the Markov decision problem
and then deduce convexity by duality. This technique
appears novel and may be useful in studying other queue-
ing problems.

The basic sample space for the Markov decision problem
is denoted ", and it consists of all sequences w”=
(w." - .w,) where w,€{4.,7T, D}; w, = A, respectively T
or D, accordingly as the transition at step & is an arrival,
respectively a service completion at stations 1 or 2, includ-
ing service completion for dummy customers. Let p denote
the probability distribution on Q". Under p, the w,’s are
iid. and w, = A, T, or D with probability A, a. or p. Let F,
be the field on Q" generated by «* =(w,, - -.w,). A pro-
cess is any sequence of random variables f=(f.---.f,)
such that f, is adapted to F,. Hence, we can and will regard
f, as a function on Q*. Let

(1,0) ifo=4
tw)=1(-1,1) ifw=T
(0,—1) fwo=D

and let £=(§,,--+,{,) be the process given by £, (w*)=
£(wy)-

A policy is any process z =(z,,- - -,z,) satisfying

=1  ifw,=4
() €[0,1]  ifw, =T (3.1)
€[0,1] ifw,=D.

Let Z be the set of all policies and Z, the subset of policies
which are integer valued.

The trgjectory corresponding to a policy z (and initial
state x) is the process £ =(x,---,x,) with values in R?,
defined recursively by

Xg =X,
X (0) = x (0T + 2 (0 )Er("), k>0
(3.2)
The trajectory is said to nonnegative, and we write z =0 if
for all w*, x,(w*)=0.

The cost incurred by policy z and initial state x is

defined to be
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Jn+1(z’ X) =Ex E Bkc’xk'
k=0
From (3.2),

k
x(wf)=x+ 2 z(w/)¢(w), k>0. (3.3)
j=1

Using this, we obtain after some manipulations

J,.,H(z,x):(]_;_[;_,_ +,3")c’x

43 F wle)ned)

k=1 pke

where (v,,* - *,7,) is the process

W)= T 3 pletee) et

J=k Lepeg, ey

(3.4)

When x and z are integer valued, then so is the trajectory
%; if, moreover, £ = 0, then it does describe the evolution of
the two tandem queues under the policy z and J,(z, x) is
the rn-step cost. (If x and u are not integer valued, but if
x =0, then we can interpret £ as the evolution of the
queueing system in which there are “fractional” customers.)
The value function for the Markov decision problem is also
given by

VA(x)=min{J(z,x)|z€Z;, = 0}.

(3.5)

Define

(3.6)

Theorem 3.1 is an immediate consequence of Lemmas
3.1 and 3.2

Theorem 3.1: VP(x)is convex for x& N2, i.e.,, x =0 and
integer valued.

Lemma 3.1: W¥(x)is a convex function for x = 0.

Lemma 3.2: VE(x)=W?#(x) for x€ N2

Proof of Lemma 3.1: For x =0, let M(£)=W5,_,(x)—

(n+1e'x. From (3.1), (3.3), (3.4), and (3.6), we get

WE(x)=min{J,(z,x)|z€Z, £=0}.

M(x)=rm'nk§ S )z

=1
zi(w*) =1

0<z(w*)<1

fw, =4,

if w,=Tor D,

(3.7)
(3.8)

S.t.

k
x(wf,z)i=x+ 3 z;(w)§,(w!)=0, FEQK, k=1,

Jj=1

(3.9)

This is a linear programming (LP) problem in the finite
array of variables z = {z,(«*)|w*€Q*, 1<k <n}. Since x
enters linearly in the constraint equation, therefore M(x) is
convex (see, e.g., [11, p. 93, Lemma 3], and Lemma 3.1 is
proved.
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Proof of Lemma 3.2: By the duality theory [11, p. 98,
Theorem 2], z* is an optimal solution of the LP above if
and only if there exist dual variables A(w*)E€ R?, A¥(w¥)
=0, w*€ Q*, k>1 [and corresponding to the nonnegativity
constraints (3.9)] such that conditions 1), 2), and 3) below
hold.

1) z* is an optimal solution of this LP:

min 3 Sv,(e)ze(w¥)

k=1 gk

— i }\*(wk)/
k=1

k
x+ ;lz,w)s,.(wf)}

s.t. (3.7) and (3.8).

2) (Feasibility): x,(w*, z*)=0, o*€Q*, k>1.

3) (Complementary slackness): If A% (w*)>0, then
xki(w", z¥)=0,i=12 k>1.

The cost function in 1) may be rewritten as

z(W*)+C

3 [yk(wk)~( 3 (o)

k=1

where C is a constant independent of z. Hence, condition
1) can be more conveniently rewritten as 17).
1) If w, = 4, then z*(«*)=1; if w, =T or D, then

=1 ifa,: =y (w*)— é A YE (/) <0

z*(wk) 6 j=k

e[0,1]

ifa,>0

if o, = 0.

Henceforth, suppose that x€ N2, Let z*, A* satisfy 1),
2), and 3). We will use z* to construct an integer-valued
policy z which also satisfies these conditions.

Proposition 1: Let X={z,§(T)+ z,4(D)| —(1/2) <z
<(1/2),i=1,2}. Then

X+{z8(w)|0<:z<1}CXU{X+{(w)}, w=TorD.
(3.10)
Proof: The proof is by simple verification. O

Proposition 2: There is an integer-valued policy z=
{z,(w")} such that z,(w*)=z#(w*) whenever the latter is
integer valued, and

Ak;:[xk(wk,z*)—xk(wk,z)]EX for all w*, k>1.

Proof: Suppose that for some k =0, the zj.(wf Vs, j=k
have been selected and A, € X. Now

Ap =40+ Zf+1(wk+l)$("-’k+|)_ Zk+1(wk+1)§(wk+1)-

If z7, («**') is integer valued, then take z,, (w**!)=
z}, (&**"), and then certainly A, ,E X. Otherwise, by
(3.10), either [A, + z*(w* T )é(w, ;)] is in X and then take
Zk+1(wk+l): 0 or A, + Z*(wk+l)g(‘°k+l)}e X+ E(wgep)
and then take z, , ,(«**')=1. In either case, A, ,E X, and
the proposition follows by induction. O
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Lemma 3.2 follows from the next proposition.

Proposition 3: The integer-valued policy z constructed
above satisfies 1), 2), and 3).

Proof- Since z,(w*)=z¥w*) whenever the latter is
integer valued, condition 17) is satisfied.

To prove 2), it must be shown that y: = x,(w*, z)=0.
Suppose, to the contrary, that y20. Since y is integer
valued, therefore for at least one /=1 or 2, y;< —1. Let
y*: = x,(«w*, z*). By Proposition 2, and recalling the defini-
tion of §(T) and (D),

. 1 1
y*€y+{z‘(—1,1)+zz(0,—1)|—E<z,<§}

1 1
:{(y'_zl~yz+zl—22)l'§<Zf<5}.

Now if y,< —1, then y,—z, <0 if —(1/2)<z, and so
y¥<0; and if y,< —1, then y, +z,—2,<0 if z;,<(1/2)
and —(1/2)<z, and so yy<0. In either case. if y#0,
then y*# 0 which contradicts the hypothesis that z* satis-
fies 2). Thus, z satisfies 2) as well.

Finally, to prove 3), it is evidently sufficient to show that
y; =0 whenever y* =0 where these are defined as above.
By Proposition 2 again,

1 1
ye {(y;k-i_zlsyz*_z]—i—zz)‘_§<Zi<-§}_

If yf=0, then y,€(—(1/2),(1/2)], and so being integer
valued, y, = 0; and if yf =0, then y,€ (—1, 1), and so being
integer valued, y, = 0. O
Corollary 3.1: For <1, VF=V£ is convex.
Proof: The proof is immediate from Theorem 3.1 and

2.7). a

IV. THE OPTIMAL SWITCHING FUNCTION

In this section, conditions (2.6), (2.9), and the convexity
of V# are used to show that the optimal policy is switchover.
For the infinite horizon problem, only the discounted case
B <1 is considered here.

Fix 8<1. Let ¥, =VE. From (2.6),

Vi(x)=c'x, (4.1)
Vo(x) = (14 B)c'x + BAc, — Breyl(x,>0)
+Balc,—c))(c,;<¢,x,=0) (4.2)

where 1(-) denotes the indicator function. To evaluate V,
for n= 2, define

Up(x) =V,(Tx) =V (x). (4.3)

Observe, with the aid of (2.6), that when there are » steps
to go, the optimal action is

{0 if U(x)>0
Z:
1

if U(x)<0. (44)

Also from (2.6),
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Un+1(x) = (Cz - C1)+.37\Un(Ax)
+Bu[V,(DTx)—V,(Dx)] + Bas,(x) (4.5)
where
$,(X) =V (Tx)NV(T*x) =V (x)AV,(Tx) (4.6)

and fA g =min( f, g) for any two numbers f and g.

It is clear, and can be proved easily by an argument
based on stochastic dominance, that the total cost is an
increasing function of the initial state.

Lemma 4.1: VB(x,, x,) is nondecreasing in x,, i =1,2.

If ¢,=c,, that is, the waiting cost at station 2 is not
greater than at station 1, then evidently the optimum
policy is z, =1.

Lemma 4.2: 1f ¢, = c,, then z, =1 is an optimum policy.

Henceforth, it is assumed that ¢, > ¢;.

Lemma 4.3: Ufx,, x,) is increasing in x, and decreas-
ing in x, for x,> 0, x, >0 (increasing means nondecreas-
ing, similarly for decreasing).

Proof: From (4.1), (4.2), and (4.3).

Ulx)=c,—¢
Uy(x)=(1+B)(c; — ¢;)— Bre,1(x, = 0)

so the assertion is true for n =1,2. Suppose that it is true
for n. The first two terms in the formula (4.5) clearly have
the indicated property. The third term is

4.7)
(4.8)

Bu[V,(DTx)—V,(Dx)]
___{Un(Dx)

ifx,>0, x,>0

49
if x,>0, x,=0. (4.9)

I/;1(x1 —1,0)- I/n(xl’o)

By the induction hypothesis, U, (Dx) has the indicated
property for x,;>0, x,>0. By Theorem 3.1 and Lemma
4.1, V,(x,,0) is an increasing convex function of x,, and so
Vix,—1L0)—V,(x,,0) is decreasing in x; for x;>0. It
only remains to check that (4.9) is larger for (x,,1) than for
(x,.0), 1.e., that
U(D(x,. 1)) =V,(x, —1,1) = ¥,(x,0)
=V,(x,~1.0)~¥,(x,.0).
But this inequality follows from Lemma 4.1. The last term
in (4.5) can be rewritten as
Ba{[VATx) =V, (T)]| A0+ [V(Tx) =V, (x)] VO}
=Ba| U(Tx)N0+ U (x)V0],
and by the hypothesis, this expression also has the indi-
cated property. The lemma follows by induction. O
Define the swirching function S,(x,) by
Sn(’xl) :min{x2>o|l/;1(xl’x2)>0}

=00 if U(x;,x,)<0  forallx,.

It will be shown in Lemma 4.5 that S, is always finite.
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Corollary 4.1: S,(x,) is increasing in x, for x,=1. When
there are n steps to go, the optimal action is z=0 or 1
accordingly as x, = S (x;) or x, < S,(x;).

Proof: The first assertion follows from the fact that
Ufx,, x,) is increasing in x,, and the second follows from
(4.4) and the fact that U,(x,, x,) is decreasing in x,. a

Next we study the behavior of S, as n increases.

Lemma 4.4: Forn=1,

U x)<0=U, (x)<U(x), (4.10)
V(Ax)=V(x) <V, (Ax)— Vori(x),  (4.11)
Vi(x)=VDx) <V, ((x)=V,.(Dx). (4.12)

Proof: Consider n =1. If x, =0, then U(x)=U(x)=
0, and (4.10) holds. If x, >0, then by (4.7), U(x)=c; — ¢,
>(, so (4.10) holds trivially. By (4.1) and (4.2),

Vi(ax)=V(x) =c;<(1+B)e; =V,(Ax)—Vy(x),
Vi(x)—Vi(Dx)=c,1(x,>0) < (1+ B)c,1(x,>0)
= Bueyl(x, =1) =Vp(x) —V(Dx),

and so the assertion is true for » =1. Suppose that the
assertion is true for n — 1. We will prove it for n.
Consider (4.10), and suppose that U,(x)=<0. By (4.5),

U(x)=U,11(x)=BA[U,_,(4x)~ U,(Ax)]
+Bu{[V,_(DTx)—V,_,(Dx)]
~ [V, (DTx)—¥,(Dx)]}

+ a4, (x)— ¢,(x)].

Now [U,_(Ax)— U Ax)] = 0. To see this, note that U,(x)
=< 0 implies that U(Ax)<0 since U, is decreasing in x,.
Therefore, if U,_,(Ax)>0, then certainly U,_ (Ax)—
U(Ax)=0, whereas if U,_;(Ax)=<0, then the same con-
clusion follows from the induction hypothesis. The coeffi-
cient of Sp in (4.13) is also nonnegative. Indeed, if x, >0,
then this coefficient is [{/,_ (Dx)— U(Dx)] and the same
argument applies, whereas if x, =0, this coefficient is
[V (3, = 1L,0)= ¥,y (2,, O1 = [V (xy — 1,00 = V,(x,, O}
and this is nonnegative by the induction hypothesis. The
coefficient of 8a in (4.13) can be rewritten as

(4.13)

[U,-(Tx)AO+ U, (x) VO] = [U(Tx)AO+ U, (x) VO]
U,_ (Tx)ANO+U,_(x)VO—U(Tx)A0 (4.14)

since U x)=<0. The induction hypothesis implies that
U, (Tx)N0O=U(Tx)N0, and so the coefficient of Sa is
nonnegative. Thus, (4.10) is true for n.

Next consider (4.11). Using (2.6),

Vn~.~](Ax)— V«'»l(x)
= ¢, +BA[V,(42x) = V,(Ax)] + Bu[V,( DAx) — V,( Dx)]
+ Ba[V,(Ax) NV, (TAx) =V, (x)AV,(Tx)].

A similar expression is valid for V,(Ax)— V(x) By the
induction hypothesis,
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V,(42x) = V( Ax) 2V, (4%%)~V,_(4x),
V,(DA,)~ V,(Dx)>V,_,(DAx)—V,_,(Dx).
Therefore, to show (4.11), it only remains to show that
v,(x) =0, (x) (4.15)

where v, (x) =V (AxX)AV(TAx)—V (x)NV,(Tx). Since
for real numbers a, b,c,d we have aNb—cANd=a—d—
(a—b)V0O—(c— dIND0, we may write

0,(x)=V(TAx)—V,(x)—U(Ax)V0—U,(x) 0.

Since x = DTAx, the induction hypothesis yields

Vi(TAx) =V, (x) 2 V,_ (TAx)~ V,(x),
U(x)NO<U,_(x)ANO0.

(4.16)
(4.17)
Now, if U,_,(Ax)=<0, then by the induction hypothesis,
Uf(Ax)=<0 also, which together with (4.16) and (4.17)
gives (4.15); if U,_,(Ax)>0 and U Ax)<0, then again
we get (4.15); finally, if U,_(Ax)>0 and U(Ax)>0,
then U,_(x)>0 and Ufx)>0 (since U, and U,_, are
decreasing in x,), and so again

0,(x) =V, (TAx)—V,(x)—U(Ax) =V, (Ax)—V,(x)

=V, (Ax)=V,_,(x) = v, (x).

Finally, consider (4.12). Using (2. 6), it can be seen that

{4.12) holds if

w,(x)=w, (4.18)

l(x)
where w(x) =V, (X)NV(Tx)—V,(Dx)NV,(TDx). Now
wo(x) =V, (x) =V, (Dx)+[V,(Tx) - V,(x)] 0
— [V (TDx)-V,(Dx)] 1O
By the induction hypothesis, '
Vi(x)=V(Dx)=V,_(x)=V,_(Dx),
[V,(TDx)=V,(Dx)] ANO<[V,_(TDx)—¥,_,(Dx)] A0.
Hence, (4.18) certainly holds if U,_(x)<0 or Ug(x)=0,

whereas if U,_,(x)>0 and U(x)<0, then U,(Dx)<0
(since U, is increasing in x,), and so

w,(x) = V,(Tx)=V,(TDx),
Woi(X) =V,_1(x) =V, (Dx) AV, _(TDx).
Now if U,_(Dx)<0, then
w,_(x) =Y, (x)—V,_(TDx)
~(Tx) =V, (TDx) = U, _,(x)
<V,_(Tx)—V,_.(TDx)  since U,_,(x)>0,
<V,(Tx)=V,(TDx)
=w,(x),

and similarly, if U,_ (Dx) >0, then

by the induction hypothesis,
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W, (x)=V,_(x)—V,_(Dx)
<V (x)—V,(Dx) by the induction hypothesis.
<V(Tx)=V,(TDx) = w,(x).

The last inequality comes from the fact that U(Dx) < U, x)
since U, is increasing in x,.
The lemma now follows by induction. O
Corollary 4.2: The switching curve S,(x,) is increasing in
n. .

Proof: If x,<S§,(x,;), then Ufx;,x,)<0, and so
U,.(x,,x,)=<0, which implies that x, <S, , (x,). Hence,
SAx)<S,. (x) d

Lemma 4.5: S, (x;)<(n—2)VO0 for all x,.

Proof: Because of Corollary 4.1, we may limit our-
selves to x, =1.

By Lemma 4.3, it is enough to show that U(x,,(n —2)V
0)>0. For n=1,2, this follows from (4.7) and (4.8). Sup-
pose that the assertion holds for some n = 2. Using (4.5),

Upir(x.n=1)=c; = ¢+ BAU,(x, + 1, n—1)
+Bu[V(x, —La—1)=V,(x,.n—2)]
+Bas,(x,,n—1)

=¢y—¢; T BN (x,+1,n—1)
+BAU(x,n —2)+ Bad,(x,.n—1)
and so it is enough to prove that ¢,(x,, n —1)=0. By (4.6),
$u(x1, 1 — 1) =[V,(T?%) = ¥,(Tx)| A0+ U,(x) VO
=[V,(T%x) = V,(Tx)] A0+ Uy (x) VO
with x =(x,,n—~1)
=U(x,—1,n)
which is positive by the induction hypothesis if x, —1=1
and also if x; =1 because U (0, n)= 0. O

Since we wish to consider different discount factors, we
reintroduce the superscript 8 and use the notation

VB UPB, SE. Because of Corollary 4.2, the following limit
exists:

SP(xy)=SE(x)) = lim SP(x,),
n—c

and by Corollary 4.2, it 1s increasing in x;.

Theorem 4.1: An optimal policy for the infinite horizon
discounted case 8 <1 is given by the stationary switchover
policy z(x)=0 or 1 accordingly as x,=SP(x,) or x,<
SP(x)).

Proof: Since VF VB, therefore UP(x)=IlimUPF(x).
By (2.9), it is enough to show that

x,=88(x,)=UF(x)=0,
x,<SP(x,)=UP(x)=<0.

Now if x,>S8(x,), then x,>8%(x,) for all n, and so
UP(x)=0; hence, UP(x)=0. Suppose that x,<S*(x,).
Since the switching curves are integer valued and $#(x,) =
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lim S#(x,). therefore x, < §#(x,) for large n; hence, Uf(x)
< ( for large n, and so UP(x)<0. O

A surprising feature of the discounted case is that it is
optimal to provide no service at station 1 when the queue
length at station 2 exceeds a threshold.

Theorem 4.2: 1f B <1, then

6749
) } .

Proof: Fix x with x;>0. We claim that

SB(x1)<min[xz|B‘2<

UP(x) =VH(Tx) = VF(x)

1——‘8-"2"‘" _
1-8

say.

Bx:x‘\n_‘Bn
1-8

Z(CZ_CI) o

=10,(x3), (4.19)

To see this, and using the notation of Section III, along a
sample path w", let x,(w*) be the trajectory corresponding
to the optimal policy and initial state x,=7x, and let
z,(w*) be the optimal control policy. Let y,(«*) be the
trajectory along the same sample path and corresponding
to the same policy, but with initial condition ), = x. Then
n-—1 n—1
VE(Tx)=E 3 B*'x, and VP(x)<E 3 B''y.
0 0

and so to prove (4.19), it is enough to show that

n—1 n—1

E Y Br'x,—E X By u,(xy). (4.20)

To do this, define the stopping time
K=K(0")=min{k>0|x,,(«*) =0} An.

Then x,,>0 for k<K —1, and a comparison of the two
trajectories gives

n—1

2 B
K

n—1 n—1

K—1
2 B"c'xk— 2 .Bkc’}’ké(cz—"l) 2 Bk_cl
0 0 0

Since x,, can decrease by at most one per step, therefore
K=x,/An, and so

(x;~An)y—1 n—1

2 B X B
] xa A\ n

n—1 n—1

2 Bkc'xk— 2 Bkc'}'k>(cz_cl)

0 0

from which follows (4.20) by taking expectations. Hence,
(4.19) is true. But then if x, >0 is such that 8*2<(¢, —
¢,/¢,). then UP(x)> 0, and so x, = S5(x,). O

We have seen that if 8 <1, then the switching curves S#
increase to S® and are all uniformly bounded. (See Fig. 2.)
Let x£, k=0.1,- - be the Markov process corresponding
to the optimal switching curve S#. Since the service rate at
station 1 is nonzero only when x, < S#(x,), therefore all
states in {x|x,=>S?(x,)+1} are transient. Observe from
Theorem 4.2 that the service at station 1 stops whenever
xB,=s where s<oo is independent of A,p. Hence, the
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Fig. 2.

Switching curves, 8 <1.

average effective service rate at station 1 is at most a[l —
b(p)] where b(p) is the probability that x, exceeds s. If the
process is ergodic, then one must have a[l—b(u)]=A.
However, b(1) increases to 1 as u decrease to A. Therefore,
there always exists u sufficiently small, but with p> A,
such that the queue length in station lxk — 00 with proba-
bility one. Thus, in the discounted case, the optimal pro-
cess may be nonergodic; in fact, all states may be transient!
The surprising result also suggests that the case of long-run
average cost, whose study requires ergodicity, cannot be
approached by the standard technique of taking limits as 8
increases to 1.

V. LoNG-RUN AVERAGE COST

Throughout this section, we consider the undiscounted
case B =1, and so we write V,,U,, S, instead of V!, U}, S,
The next result contrasts sharply with Theorem 4.2.

Lemma 5.1: For every x,, §,(x,)> x, for all (x,, n) suf-
ficiently large.

Proof: Suppose, in contradiction, that S,(x,)<b for
all x;,n. We use the notation of Section III. Fix the
horizon » and an initial state x. Let z,(w*) be the optimal
control policy and let x,(w*) be the corresponding trajec-
tory. Also, let y,(w") be the trajectory corresponding to the
same policy, but with initial state 7Tx. Then

n—1

n—1
E E cx =V(x), E 2 Cn=V(Tx).  (5.1)

We wish to compare the two trajectories {x,} and {y,}.
Let K, be the first time that queue i is empty:
K (o) = mjn{k|xk,(wk) = O} An.
If K, <K,, one can verify that
Tx,, k=0,---,K
Y=

Xp» k=K,

and therefore,

n—1 n—1

PRSI c'x,=(c; —¢))K,,
0 0
whereas if K, > K,, then
Tx,, k=0,---,K,—1
Yo =1 (0= Lxg), k=K, -+, K —1
(%41, X2 —1) or x,, k=K,,

and therefore,
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n—1 n—1

2 Y — 2 cxp<(c,—
0 0

K, — cl(Kl - K,).

Combining these two estimates gives

n—1

E X ¢'x,<c,E(K,NK;)— ¢ EK,
0

n—1
EY 'y — =4, say.
0

(5.2)

We want to show that § <0 for some (x,, n). It will be
first shown that E(K,)< K, for some constant K. , and for
all initial states x = (x,, b) and n. To see this, observe that,
by assumption, there are no arrivals into station 2 whenever
X,,=b; and when there are arrivals, these occur in a
Poisson stream with rate a. Hence, the process x,,, k=
0,1,--- 1is stochastically dominated by the queue size
process of an M/M/1/b queue with arrival rate ¢ and
service rate w. Let 1?2 be the expected time (measured in
number of transitions) to empty this queue if it initially
starts with b customers. Clearly, E(K,) < K,. On the other
hand, since x,, can decrease by at most one per step,
therefore, EK, = x, An. Hence, §<¢,K, — ¢/(x,An)<0
for x,, n large From (5.1) and (5.2), we conclude that

V(Tx)=V,(x) =U,(x) <0 (5.3)
for x=(x,,b) and x,,n large. But if (5.3) holds, then
S,(x,)> b, contradicting the assumption. O

Let P denote the set of all policies over the infinite
horizon. For € P, let

n—1
Vim,x)=E, 3 'x] {5.4)
0
where x7, k=0,1, - - is the state process corresponding to
o and x is the initial state. Then

Vo(x) =min ¥, (7, x). (5.5)
Let
7(r,x)= Tm %Vn('n,x), (5.6)
Vix)= ir}; V(m,x). (5.7)
From (5.5) and (5.6), ¥(7, x)=Tim(1 /n)¥,(x), and so
I7(x)>H%Vn(x). (5.8)

Recall that the switching curves S,(x,) are increasing in »,
and so the following limit exists:

S(xl)zljflsn(x])'

Abusing notation slightly, let S denote the stationary policy
defined by the switching curve S. Our objective is to show
that: 1) under S, the Markov process {x7} is ergodic and
50 V(S xX)=W(S) is independent of x, and 2) V(S)
=lim(1 /n)V,(x) so that § minimizes the long-run average
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cost. It is assumed henceforth that A < min(a, p).

Let ¢ denote the stationary policy under which z, =1. In
this case, the network consists of two M /M /1 queues in
tandem with arrival A and service rates ¢ and p in stations
1 and 2, respectively. Since A <a Ap, therefore {x7} is
ergodic and ¥(o, x) = ¥(6) < o0 is independent of x. From
(5.7) and (5.8), we get

E%Vn(x)SV(o). (5.9)
Lemma 5.2: The Markov process {x;} is ergodic.
Proof: Let |x|=x,+ x, denote the total number of

customers in the system. Let ¢>0. By (5.9), for all n
sufficiently large,

n—1

1 n e
Sv()=1 3 Ecx<P(o)+e  (5.10)

where 6" is the policy which achieves the minimum in (5.5).
Since 0 < ¢, =< ¢, (5.10) implies that

1 n—1 1 .-

— 2 Elx] |<C_[V(°)+E]-

1

The policy 67 is defined by the switching curve S, when
there are k steps to go, and S, <S. Hence, if x§ = x{" for
some k, then the service rate at station 1 under S is always

greater than under ¢”. Considerations based on stochastic
dominance then lead to

E x| <E/|x{|,

and so
ln—l s 1r—
7 2 EI<[V(e)+d.
n 3
Hence,
n—1 17
—-— Vv
Em~ S E |x|< (o) (5.11)
n q
which clearly implies ergodicity. O

The following consequence of (5.11) will be useful later.
Corollary 5.1: For any € > 0, there is a finite set of states
A C N? such that

n—1

H% > oexfl(xf g ) <e. (5.12)

Corollary 5.2: For (m,, m,)€ N?, define
A(my.my)={x|x;<m,—1and x, < S(x )N\ (m, —1)}.

Then for any €>0, there exists (m,,m,) such that
A(m,, m,) satisfies (5.12).

Proof: This follows from Corollary (5.1) and the fact
that the set {x|x; = S(x,)+ 1} is transient under the policy
S. O
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By Lemma S.Z,KS, x)=W(S) is independent of x. To
show that V(S)=lim(1 /n)V,(x), we compare V,(S, x) and
V(x)=V, (0", x). The next lemma will be used in estimat-
ing |V, (S, x)— V. (6", x)|.

Lemma 5.3: Let V,(-), k=0,1,--- be a sequence of
functions and let x,, Kk =0,1,--- be a process with values
in N2 such that

E{ Vilx )= Vi x4 =x} =c'x.

Let K be a stopping time of the process {x,} and let ¥ be
an Fg-measurable variable such that Vi (Yg) <V (xg) as.
Let {y,} be another process such that

Vi k<K-1
Yx =Yg,
E{Vk(}’k)_Vk+1(}’k+1)|)’k:)’a k>K} =c'y.

Then

=X,

n—1 n—1

E 2 x>E 3 ¢y

(Here F; is the o-field generated by xq,- « -, x,).
Proof:

n—1 K—1
Ex 2 C’yk:Ex{ 2 C,yk+VK(YK)}

K—1
Ex{ 2 c'xpt VK(YK)}

K—1
< Ex{ 2 x+ VK(xK)}

n—1

=F, E c'xy.

Lemma 5.4: V(S)=lim(l/n)V,(x).

Proof: The intuitive idea of the proof is simple. Since
{xz} is ergodic, it will stay in a bounded set 4 for most of
the time, during which the control will be the same as that
given by S, for large n. An additional estimate bounds the
cost when x§ & A. Now we give the details. Fix an initial
state x. Fix € >0 and select A = A(m,, m,) as in Corollary
5.2. Since the switching curves are integer valued, there

exists m such that (see Fig. 3)
S(x)Am,=8(x)Am,, forx,<m, and n>m.

Select n > m such that

1 n—1

—E. ¥ ox;<e, (5.13)
n
n—m+]1
i n—1
~E, 3 xfl(xf € 4) <e. (5.14)
0

Define the return times to 4 by K, =0:
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|
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A(m,my) :
1
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m
Fig. 3. [Illustration for Lemma 5.4.

K,=mjn{k>K,_,|x,f€A,x,‘f_1 GEA}/\n,
For r=1, let
xks’ kgKr~l

oK ).

k=K,

where ¢(k,, k,, x) is the state process at time k, if the state
at time k, is x and policy o” is used, i.e., ¢(k,, k|, x) = x].
given that x7 = x.
For r =0, let w? = x{", and for r =1, let
wl, k<K, —1

o(K, k;x3), k=K

We claim first of all that

r—
W, —
re

n—m n—n
E. Y ¢w/<E_ 3 c¢wi ™\ (5.15)
0 0
Indeed, observe that on {K, <n—m]},
[xx|<|wi'| and Xk = Wi
This implies that
Vi, (5%, ) <Vook (W) (5.16)

since x_lies “below” the switching curve S, , and since
in this region ¥,_(x3 +(I,—1)+(/",0)) is increasing in /
and /. Use of (5.16) in Lemma 5.3 gives (5.15).

Second, by definition of y,

n—m n—m
0<E, ¥ c¢'yi—E, 3 cw
0 0
KI'
< E_XEC’x,fl(x,f & A);
0
and so, using (5.15),
n—m n—m Kr

E D ¢yi<E, Y cwl+E Scx31(xf¢A)
0] 0 0

<V, (x)+ ne (5.17)

since w) = x{" and by (5.14).
Finally, since y; — x; as r — oo, (5.17) implies that

n—

m
E, ¥ /xi<V,(x)+ne,
0

609
which, together with (5.13), gives
V(S)SE%V,,(X)—FZe. ]

Lemmas 5.2 and 5.4 give the main result.

Theorem 5.1: The stationary policy defined by the
switching curve S minimizes the long-run average cost.
Moreover, the resulting Markov process is ergodic.

VI. CoNCLUSIONS

We have shown that the optimal policy which minimizes
the cost over the infinite horizon is “bang-bang” and
characterized by a monotonically increasing switching curve
x,=SP(x,) were =<1 is the discount factor. The result is
intuitively obvious: the “bang-bang” nature is a conse-
quence of the fact that there is no service cost, and the
monotonicity of the switching curve can be anticipated
orice it is surmised that the difference in the total cost
incurred by adding a marginal customer to the second
queue rather than adding him to the first queue must
increase with the number of customers in the second
queue. This intuition also suggests the form of the optimal
policy in more general networks. However, substantiation
of this intuition even in the simple case treated here is a
nontrivial exercise, and differs from the case of a single
queue in two important respects. First, the optimal
processes for the discounted problem $<1 may not be
ergodic, so that the average cost case cannot be studied by
taking a limit as 8 — 1. Second, the convexity of the value
function, which is critical for further analysis and which is
implicit in the intuitive argument given above, is difficult
to establish, The argument for convexity put forward here
extends to more complex networks.

Note Added in Proof: V. Borkar, B. Hajek, and S. Stid-
ham have recently and independently announced generali-
zations of Theorem 3.1 to the case of networks of queues.
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Abstract —We consider distributed algorithms for solving dynamic pro-
gramming problems whereby several processors participate simultaneously
in the computation while maintaining coordination by information ex-
change via communication links. A model of asynchronous distributed
computation is developed which requires very weak assumptions on the
ordering of computations, the timing of information exchange, the amount
of local information needed at each computation node. and the initial
conditions for the algorithm. The class of problems considered is very
broad and includes shortest path problems. and finite and infinite horizon
stochastic optimal control problems. When specialized to a shortest path
problem the algorithm reduces to the algorithm originally implemented for
routing of messages in the ARPANET.

ECENT advances in microcomputer technology have

intensified interest in distributed computation
schemes. Aside from modular expandability, other poten-
tial advantages of such schemes are a reduction in compu-
tation time for solving a given problem due to parallelism
of computation, and elimination of the need to communi-
cate problem data available at geographically dispersed
data collection points to a computation center. The first
advantage is of crucial importance in real-time applications
where problem solution time can be an implementation
bottleneck. The second advantage manifests itself for ex-
ample in applications involving communication networks
where there is a natural decentralization of problem data
acquisition.
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The structure of dynamic programming naturally lends
itself well to distributed computation since it involves
calculations that to a great extent can be carried out in
parallel. In fact it is trivial to devise simple schemes taking
advantage of this structure whereby the calculation in-
volved in each iteration of the standard form of the algo-
rithm is simply shared by several processors. Such schemes
require a certain degree of synchronization in that all
processors must complete their assigned portion of the
computation before a new iteration can begin. As a result
complex protocols for algorithm initiation and processor
synchronization may be necessary, and the speed of com-
putation is limited to that of the slowest processor. These
drawbacks motivate distributed algorithms whereby com-
putation is performed asynchronously at various nodes
and independently of the progress in other nodes. Their
potential advantages are simpler implementation, faster
convergence to a solution and, possibly, a reduction in
information exchange between computation nodes.

This paper considers an asynchronous distributed algo-
rithm for a broad class of dynamic programming problems.
This class is described in Section II. The distributed com-
putation model is described in Section III. It is shown in
Section IV that the algorithm converges to the correct
solution under very weak assumptions. For some classes of
problems convergence in finite time is demonstrated. These
include shortest path problems for which the distributed
algorithm of this paper turns out to be essentially the same
as the routing algorithm originally implemented in the
ARPANET in 1969 [1]. To our knowledge there is no
published proof of convergence of this algorithm.
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