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Packet Delay in Optical Circuit-Switched Networks

Zvi Rosberg, Andrew Zalesky, and Moshe Zukerm&enior Member, IEEE

Abstract— A framework is provided for evaluation of packet capacity of tens of Th/s may be attached to a single core router
delay distribution in an optical circuit-switched network. The  requiring switching capacity not available by present day elec-
framework is based on a fluid traffic model, packet queueing qgnics. Consequently, bufferless core routers are envisaged,
at edge routers, and circuit-switched transmission between edge h Il dat . is shifted to th d i A
routers. Packets are assigned to buffers according to their where a . ala queue_lng IS shiited to the € g_e routers. .n
destination, delay constraint, physical route and wavelength. At AON architecture motivates the framework considered herein.
every decision epoch, a subset of buffers is allocated to end-to- Any network deployment is a tradeoff between cost and
end circuits for transmission, where circuit holding times are performance implying some amount of packet loss and/or
based on limited and exhaustive circuit allocation policies. To queueing delay, depending on the edge router architecture.

ensure computational tractability, the framework approximates . . N . .
the evolution of each buffer independently. ‘Slack variables’ Since substantial data buffering in core routers is not a valid

are introduced to decouple amongst buffers in a way that the Option in an AON, route reservation procedures should not
evolution of each buffer remains consistent with all other buffers mandate buffering at core routers. Two such route reservation
in the network. The delay distribution is derived for a single procedures are as follows.

buffer and an approximation is given for a network of buffers. The first is a one-way reservation procedure known as tell-
The approximation entails finding a fixed point for the functional . - . .

relation between the ‘slack variables’ and a specific circuit and-go [15], 'n_ which a resgrvatlon V?QUGSt is sent before the
allocation policy. An analysis of a specific policy, in which circuits data is transmitted. Then, without waiting for an acknowledg-
are probabilistically allocated based on buffer size, is given as ment, the data is transmitted after some predefined offset time.
an illustrative example. The framework is shown to be in good Two tell-and-go procedures have gained the most attention.
agreement with a discrete event simulation model. One is just-in-time (JIT) [14] and the other is just-enough-

Index Terms— Circuit switching, packet delay, WDM network, time (JET) [10]. In both reservation procedures, packets with
fixed point approximation. a common destination are aggregated in the edge routers
into large transmission units called bursts, each of which is
transmitted separately. This approach is knownggcal burst
switching (OBS)

The advancement of optical technology in recent years [1]The other reservation procedure is classical two-way reser-
positions theAll-Optical Network (AON)as a viable option yation [2], [3], [16], in which data transmission does not
for core backbone networks. An AON consists of core routegymmence until the edge router receives acknowledgement of
interconnected by fiber links carrying hundreds of wavelengfl) resource reservations.
channels, referred to as the core network. Edge routers aryith one-way reservation, transmitted data can be blocked
located at the periphery of the core network and given the tags{ any core router along its route. Thus, a major performance
of assembling and disassembling many data streams arrivijg@asure is blocking probability, which has been derived for
from or destined to users connected to the core netwqjkrious reservation procedures [12]. With two-way reservation,
via access networks. For such a task, edge routers pos$figking at core routers is averted by delaying data transmis-
buffering capabilities, and from the viewpoint of the corgjon until the edge router receives acknowledgement of all
network, may be considered as source and destination nogg§ource reservations, and thus, the main performance measure

An AON transmits data streams by way of aII-OpticaiS queueing de|ay at the edge routers.
lightpaths established usingavelength division multiplexing  The focus of this paper is to provide a framework for evalua-
(WDM). Data remains in the optical domain throughout trangion of packet delay distribution in an optical circuit-switched
mission from source to destination. However, signaling angbtwork. The framework allows for delay differentiation as
switching functions may occur in the electronic domain. Thgel| as routing and wavelength assignment (RWA) algorithms.
primary advantage of an AON is that data streams do ng§ explained in Section I, optical circuits may have a more
undergo optical-electrical-optical (OEO) conversion, whicBomplex structure than circuits in the classical models [7].
increases end-to-end latency. Thus, they will be referred to amptical circuit-switched (OCS)

Next generation dense-WDM (DWDM) fiber technology isietworks.
likely to offer a single fiber containing hundreds of wavelength OCS is typically used as an umbrella term to encompass
channels, each modulatedi&t Gb/s. Hence, links with a total many network architectures based on two-way reservation.

- o ___This paper focuses on an OCS architecture that operates as
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buffer is to be allocated a circuit during the next period baseet of circuits can serve their associated buffers concurrently
on the number of packets enqueued in that buffer as well asd continuously. That is, their lightpaths are disjoint. When
the number of packets enqueued in all other buffers. Circuait circuit is allocated to a logical buffer, it is drained at a
periods (i.e., holding times) can either be based on limited oraximum rate ofC' b/s. An allocated circuit that is not
exhaustive circuit allocation policies. reselected’” seconds after its allocation is torn down.
Performance of circuit-switched networks has been studiedOne means of providing delay differentiation is to assign
only with respect to blocking probabilities [7], [8], [11]. Thebuffers with more stringent delay requirements to a greater
study in [7] is concerned with routing data or voice in a classiumber of allocated set of circuits, which results in more
cal circuit-switched network and the studies in [8] and [11] arfeequent service allocations. Other means are policy depen-
concerned with RWA in optical circuit-switched networks. Irdent, as explained in Section V, where a threshold randomized
these studies, blocking probabilities have been derived usipglicy is presented.
the reduced-load fixed point approximation based on solvingThe assumption that circuits are selected in a synchronized
Erlang’s formula, under the assumption blocking events ocamanner and at fixed time intervals does not impose limitations
independently on each link. on our framework. Neither is the assumption that a circuit
It is worth noting, maximizing the carried traffic in a circuit-period must be of a fixed length. In Section VII, we explain
switched network with an arbitrary topology and an arbitrarigjow to extend our analysis to variable circuit lengths and
RWA algorithm given a static traffic demand can be formulatessynchronous allocations.
as an integer linear program [5] [11]. Although the integer Circuit setup begins by evaluating all queue lengths and
linear program is in NP, its solution can be carried out othen a circuit allocation policy? is called to compute the set
line and then used in a lookup table whose entries represefitcircuits, which can be allocated concurrently. If the edge
different traffic demands. This supports a network modeabuters are time synchronized, the overall procedure can be
where an RWA algorithm is regarded as a black box. implemented centrally or distributively.
The rest of this paper is organized as follows. In Section Assume that bits arrive at each logical buffeaccording to
I, we formulate the general problem and define the model.continuous fluid stream with an integral constant bit rate of
Sections 1l and IV are devoted to the delay evaluation; b/s. Considering the expected Th/s nature of multiplexed
framework. In particular, Section Ill considers a single buffemput streams, such a fluid approximation is a natural traffic
while Section IV uses the single buffer case as a foundatiafodel. Modeling data transmission as a continuous fluid
to evaluate delay distribution for a network of buffers. Thetream is also tangible due to the nature of an optical circuit, in
framework is illustrated by an example of an RWA algorithmvhich an arriving bit can be served on-the-fly without waiting
in Section V, and model extensions are explained in Sectify its encapsulating data packet.
VIl. Some important practical considerations are discussedwithout loss of generality, we normalize all rates by divid-
in Section VI. In Section VIII, we present numerical datang them by their largest common integral denominator, say
validating our illustrative example and in Section IX, we dravB, Henceforth, we refer to a unit oB bits as ‘B-bit' and
our conclusions. let K and {4; ,1 < j < J} be the normalized lightpath
transmission and arrival rates (in ‘B-bits per circuit period’),
II. M ODEL FORMULATION respectively. We further assume that evety is an integral

o __fraction of K. That is, there are integefsn{} such that
Our objective is to develop a framework for evaluation

of packet delay distribution in OCS networks. To this end, K= m?Aj, v j. (1)
we considerJ data streams, each associated with a source-
destination pair of edge routers, delay constraint, a routeAlso, without loss of generality, we assume tiat 1, and
and wavelength assignment sequence from the source to la@smission and arrival rates are specified in circuit periods.
destination, and other external classifications. Data packégsummarize, time units are specified in circuit periods and
from streamj,1 < j < J, that cannot be transmitteddata units in B-bits (normalized bits).
immediately are queued in logical buffgat its corresponding  Let n denote a circuit switching decision epocki;(n) de-
source edge router. note the queue length (in ‘B-bits’) in logical buffgrat epoch

A circuit in our framework is a unidirectional lightpathn, 1 < j < J, and X(n) = (X1(n), X2(n),...,X(n))
connecting a pair of source-destination edge routers capablglehote the system state at epachn =0,1,2,.. ..
transmittingC’ b/s uninterruptedly for a period df seconds.  Given a circuit allocation policy R, let §%(xz) =

A circuit is set up by selecting a unidirectional route betwee@{ (x), 05 (x), ..., 0% (x)) be a binary vector indicating
the source-destination pair and allocating a dedicated sequewbéch of the logical buffers are allocated circuits at state
of wavelengths and switching resources along the select®tn) = = % (x1,2,,...,2,). That is, 6% (z) is 1 or 0

route as dictated by the given RWA algorithm. The wavelengtiepending on whether or ndt allocates a circuit to logical

sequence must be aligned with the wavelength conversion rulesfer j at statex, respectively.

along the route. The procesy X (n), n > 0) is a Markov chain and each
Circuits are allocated to the logical buffers using a policyf its componentsy;(n) evolves according to

R based on the queue lengths at all logical buffers. A strict

requirement of a circuit allocation policy is that any allocated Xj(n+1)=[X;(n)+ A; — 6]3(:10)[(} ” (2)
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where[y]" = max{0,y}. I1l. A SINGLE LoGICAL QUEUE
Let S;(7) be the set of system states, where logical queue _— -

comprises ofi B-bits and leta;(¢,n) be the probability that A. Definition and ergodicity

algorithm R allocates a circuit to buffej at epochn given For notational clarity, we omit the logical buffer indgxin

that X (n) € S;(i). That is, this section and denote a generic one-dimensional queueing

system by(X(n), n > 0). Assuming independent evolution

Si(1) ={z 5 X(n) =, X;(n) =1} ©) of the marginal processes ¢fX (n), n > 0), (1) and (6)
a;(i,n) = P (67(X(n)) =1 | X(n) € S;(i)). (4) imply that givenX (n) =1,
The marginal proces§X;(n), n > 0) is not Markovian. [i+A— m‘)A]+, w.p. ai);
Nevertheless, its evolution in time can be expressed in the X (n 4 1) = @)

probability space of the Markov chaiiX (n), n > 0) as i+ A, w.p. 1 —af(i),
follows. By (2), givenX,(n) = 4, we have
) ) whereA and K = m°A are the arrival and transmission rates,
[i+4; - K]", wp. a;(i,n); respectively.
Xj(n+1) = . ] ®) The upper event in (7) represents an allocated circuit period
i+ 4, w.p. 1 —a;(i,n), and the lower event represents an unallocated period. Observe
for everyl < j < J, where ‘w.p.’ stands for ‘with probability’. that after every unallocated circuit period, the queue length
The Markov chain(X(n), n > 0) may or may not be increases byA and after every allocated circuit period, the
periodic, depending on the allocation poliéy For instance, queue length decreases hyin{i, (m® — 1)A}, wherei is
if R allocates circuits based on a deterministic set functidhe queue length at the beginning of the circuit period.
of the queue length vectae (i.e., a deterministic stationary Consequently,X (n) assumes only integral multiples of.
policy), then the resulting Markov chain is periodic. For thesEhat is, its state space A ; i = 0,1,2,...}. Without
policies, periodicity follows from the deterministic fluid arrivalloss of generality, we relabel the process states and denote
processes and the fact that only a finite number of states éa@m by the set of non-negative integers, with the convention
be visited by the Markov chain under appropriate positiiédat X (n) = i denotesiA B-bits reside in the queue. With
recurrent conditions. The performance of circuit allocatiofelabelling, (7) becomes
policies under which the Markov chain is periodic have been

]+

. + .
exactly analyzed elsewhere [13] and not considered herein. [Z +1- mo] ;o wp. a(i);
If the Markov chain(X (n), n > 0) is aperiodic and posi- X(n+1)= ‘ _ (8)
tive recurrent (i.e., has a stationary state distribution function), i+1, w.p. 1—a(i).

the probabilities{c;(i,n)} under stationary conditions exist _. o 0 , .
and are independent af, but do depend on the entire system Since the transmission rate faf(n) > (m” - 1) is K, it

. . N ) 0 X
state. Thus, under stationary conditions, (5) translates into IS reaspnaple t.o approxmate{z) =afori=m . 1'. This .
approximation is motivated by the fact the transmission rate is

[i 4+ A; — Kr, w.p. a;(i); always K = Am° B-bits if (m° — 1) A B-bits or more reside
Xijn+1)= (6) in a buffer. We further have < a(i) < 1.
i+ A, w.p. 1 —a;(7), Given that we consider only policieR under which the

given X; (n) = i multidimensional Markov chaif X (n), n > 0) is aperiodic,
SN we may restrict attention to aperiodic one-dimensional Markov

According to (6), it may be suggested that the stationary™ . . . . .
distribution of a Markov chain evolving according to (6) with'%ams(X(n)’ n > 0). Since there is a positive probability to

probabilities {a (i)} can approximate the rnultiolimensionalreturn to state zero from any other state it can be shown that

Markov chain(X(n), n > 0). The probabilitie{«; (i) } may thned Maf_rfli«i)vn(t:halgdlifi I;r(?d:JCIIF)led?r;ttj iaperlodlc. A necessary
be regarded as ‘slack variables’. and sufticient co on for ergodicity 1S

The concept underpinning our approximation is as follows. amd>1. )
For every logical bufferj, consider a one dimensional Markov
chain evolving according to (6) and independently of thgideed, assuming (9) holds, the expected drift in one transition
other buffers. In the original multidimensional process, thg
J sets of allocation probabilitiega; (i)}, 1 < j < J, are
clearly inter-dependent. Therefore, thie sets of allocation E[X(n+1) - X(n)/X(n) =14 =1—-am® <0,
probabilities must be resolved in a way that consistency is
maintained across all sets. The consistency conditions give i@ > m” — 1. Thus, by the Foster-Lyapunov drift criterion
to a set of fixed-point equations, each of which describes olf8: the Markov chain is ergodic.
of the one-dimensional Markov chains, assuming they evolve
independently.

In the next section, we derive the queue length and t
packet delay distributions in a generic single buffer evolving The probability generation function (pgf) under stationary
according to (6). conditions,G(z) = lim,, .o E[zX (], |2| < 1, is derived in

ﬁe Queue length probability generation function
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Appendix A and is given by follows. The expected number of B-bits at a circuit boundary
02 is thereforeA - E(X).
S [(a(i)zm"*l @) + (@ — a(z‘))zmgﬂp(i) To find the time average queue length we note that the
G(z) = i=0 gueue length evolution between two consecutive circuit period
2=l — (1 —@)"" —@ (10’) boundaries{ X (t), 0 <t < 1}, is as follows. GivenX (n) =
wherep(7) is the stationary probability of havingd B-bits in
the buffer. [Z +t— mot} +, w.p. «i);
The pgf in (10) is expressed by a function of the — 1 X(t) = (14)
boundary probabilitie(i),i = 0,1,...,m° — 2, that are yet i+t w.p. 1—ai),

to be determined. Standard application of Rouche’s Theorem ) - 1—
and the analyticity of3(z) in the unit disk|z| < 1 yield these _ BY the mean ergodlc Theoren(X) = fot:o E(X(t))dt.
boundary probabilities (see [6, pp. 121-124]). Note that for; > m’ — 1,Owe havei + ¢ —m t> Oofor every
Specifically, as we prove in Appendix B, the denominatdt =t =1 anéj fori <m?”—1, we havei 4t —m" > 0 for
of G(z) hasm® — 1 distinct zeros within and onto the unit) =t < /(m” — 1). Integrating yields
disk |z| < 1. To find the boundary probabilities(i),: = ~ Y 9
0,1,...,m%—2, we exploit the analyticity of¥(z) in the unit E(X) =BE(X)+ 4% (1 - > p(z’))
disk |z| < 1. Namely, the numerator af(z) must be zero for =0
every zero of its denominator within the unit disk. One zero .
of the denominator is clearly for which all the coefficients +lmi2p(i)a(i) (L 9 1)
of p(i) in the numerator are zero and therefore useless. All 2 5 mo=1 ’
otherm® — 2 zeros, denoted by,,, m = 1,2,...,m° -2, are
within the unit disk and define the following.® — 2 linear

(15)

The time-average number of B-bits is therefote E(X).

equations:

m0—2 D. Queue length distribution
S (i)’ — @i+ (@—a(i)=n +]p(i) =0, (11)  In subsection B, we derived the probabilitigs),i =
= 0,1,...,m° — 2. In this subsection, we derive a simple

0 recursion forp(i), i > m® — 1.
m=1,2,....,m° — 2. . .

P From (8), the balance equations are given by
Another equation is obtained from the normalization con- mo_1

dition G(1) = 1. Applying L'hopital’s rule to (10), we have p(0) = p(i)ad), (16)

m®—2 1=0

> [mfa - (1 +i)ali)pli) =am® —1.  (12) and

=0 . p . B 0 _
Equations (11)—(12) form a set of® — 1 independent linear p(i) = pli 1)(1 alt 1)) Fplitmt—Lla A7)
equations whose solution determip@),i = 0,1,...,m%—2. fori>1.
The independence is verified by checking the positivity of the Given {p(i) ; 0 <i < m°® — 2}, by (16),
corresponding determinant as in [6, pp. 121-124].

m®—2 . .
Once the boqqdary probab.ilities are detg_rminétq,z) is p(m® —1) = p(0) — Ziio p(l)a(l); (18)
completely specified. The stationary probabiliti¢s(i)}, are a
given by p(i)i! = %g:o and the expected queue lengtt@nd by (17),
l;g((ﬂze)l’ stationary conditionsf/(X), is given by E(X) = pli+1) — p(i) (1 — a(i))

. i>0. (19)

-~ |-=1. Higher moments are derived by taking higher p(m® +1i) =
derivatives at: = 1.
It is well known that moment and probability derivation _ Delay distribution

from G(z) are very tedious. In the next subsections, we apply ] )
simpler methods to deriv&(X) andp(i) for i > m® — 1. In non-fluid models, where packet arrivals and departures

occur at particular time instances, packet delay is a well de-
fined notion. In a fluid traffic model, however, a packet can be
served while it is still arriving. Thus, the time interval during
First, we derive the expected queue length at a circuit periadhich a packet arrives could overlap with its transmission
boundary under stationary condition&g,(X), and then the interval and multiple notions of packet delay can be defined.
long-run time-average queue Iengﬂﬁ(f(). Regardless of the notion of delay defined, a packet scheduling
A simple method to deriveZ(X) is to express the one-rule is required and we assume a FIFO regime.
step evolution ofX?(n + 1) (similar to (8)) and then equate Consider a notion of delay defined as the time elapsed from
between the expected values of both sides. This method yiellde arrival instance of the first bit of a packet to the departure
the expression in (13), which is presented on the page tladtance of the last bit of a packet. Such a notion of delay

a

C. Expected queue length
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a(m® —1)°+ (1 —@) + X0 2p(i) [am® (20 + 1) — m0) — a(i) (i + 1)
L) OfamL_l)( ) - e+ 1] 5

must be defined in terms of packet length and is considerabcation policy R is intractable. To ensure computational

below to derive the delay distribution for a special case. tractability, consider approximating the evolution of each
An alternative notion of delay, referred to as B-bit delayyuffer independently. To decouple amongst buffers in a way

is the time elapsed from the arrival to the departure instahiat the evolution of each buffer remains consistent with all

of a B-bit. The B-bit notion of delay is not defined in term®ther buffers in the network, the stationary circuit allocation

of packet length, however, it does reflect packet delay in tipeobabilities,{c; (i)}, must be chosen in agreement with the

following sense. At a B-bit arrival instant, the portion of thepolicy R.

packet preceding the B-bit is either enqueued or has undergon€or any givenR, let SJR(z‘) be the subset af; (i), defined

transmission; at a B-bit departure instant, the portion of the (3), where5]3(m) = 1. Namely, the set of states, where

packet preceding the B-bit has undergone transmission. Thigffer j; comprisesi B-bits and is allocated a circuit.

B-bit delay reflects the delay of an arbitrary packet prefix. By the independence assumption and (4), the followRag
The expected B-bit delay under stationary conditions ibnsistency equationsust hold:

derived fromE'(X) by Little’'s Theorem. Sincel- E(X) is the

expected queue length in B-bits in the buffer at an arbitrary  @;(i) = P(5]R(X(n)) =1/ X;(n)= 2)

instant, and the B-bit arrival rate i, the expected B-bit delay (22)
(queueing time) is£(X) given in (15). =Y zesn(iy [Lng; Pm(@m), ¥ (4,9),

We now return to the former notion of delay defined as the ’
time elapsed from the arrival instance of the first bit of a packetere x = (21, z2,...,2;) and pp,(zn) = P(Xm(n) =

to the departure instance of the last bit of a packet and wen), 1 <m < J, are the stationary marginal probabilities.

assume each packet comprised.dB-bits. We further assume If (21) does hold, we say thahe independent Markov

that during each circuit period there is an integral number chains {X;(n), 1 < j < J, n > 0} are consistent with

of packet arrivals, i.e.A = M - L, and all packets are servedpolicy R.

according to the FIFO regime. For every logical bufferj, let a; = {a;(é) ; i« > 0} and
Let D be the packet delay, measured in circuit periodsy = {a; ; 1 < j < J}. A seta is a consistent set of

defined as the time elapsed from the arrival instance of thHocation probabilitiesif it satisfies (21).

first bit of a packet to the departure instance of the last bit Since the stationary probabiliti§p; (i)} depend onx; we

of a packet. We now derive the packet delay distribution farse the notatiom;(a;, i) rather tharp;(i).

a special symmetric case. For definiteness, assume that th®o find the consistent set of allocation probabilities, define

packet arrival process begins at the boundary of a circtlite transformations:

period. There areM packets arriving during every circuit ) .

period, each having a different delay. L®},, 1 < m < M, be T} () = Z H pm(@,am),  1<j<J, @20

the delay of a packet whose arrival begims — 1)/M circuit LeS] (i) m# 22)

periods after a circuit boundary. The delay of an arbitrary ) ) o
packet is given by The R-consistency equatior(1) are satisfied if and only
if there is ana* such that

1 M .
D =372 Pm (20) Tj(e) = (), ¥ (0.9 (23)

The difficulty in deriving packet delay distribution is at- OPServe that each transformation %é%‘o_‘(z{}jj)a contin-
tributable to the fact thafa(i)} is different, for everyi. UOUS mapping from the compact et 1] to itself
Therefore, the time between two consecutive circuit allocatioA8d therefore it has a fixed point by the Brouwer fixed-point

is not identically distributed. To simplify the derivation, wetheorem [9]. _ _
consider the special symmetric case, in whieh) = a, To find the consistent set of allocation probabilites, we

special symmetric case may serve as a guide to derivifgme initial setr(?):

the delgy_dls'_mbunon for the general_case. We derive the a(_n+1)(i) _ T;(a(n,))7 Y (i,4) and n > 0. (24)
delay distribution by way of a computational procedure rather J J

than a closed form expression. The procedure produces th®©nce a consistent set* is found, the delay distribution
delay distribution histogram. The details of the derivation atesing policy R is computed for every logical buffer as given

deferred until Appendix C. in Section IlI-E.
As demonstrated in the example presented in Sections V and
IV. A NETWORK OFEDGE ROUTERS VIIl, the successive substitution algorithm is not guaranteed

Deriving the exact stationary distribution for the multidito converge to the consistent set of allocation probabilities
mensional Markov chain determined by an arbitrary circuik*, furthermore, there is no guarantee that the transformation
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T}(a) admits a unique set of consistent allocation probabili-
L , def i 261+ (N = Nj = 2)&
However, as demonstrated by all test instances considereds (¥, 2) = T} (ey,2) = GCrya+(N—z—y)&

the successive substitution algorithm does indeed converge . ) .

to a set of consistent allocation probabilities, which are in 1© uncondition the events; =y and Z;(i) = z, given the
good agreement with a simulation model used to verify tl{ﬁlrrenta and_th_e buffer independent assumptlgn, we |nvqke
approximation. The successive substitution algorithm usual Celntral' Limit Theorem and use the foIIowmg Gaussian
requires only a few iterations to converge within a suﬁicient@ p_rOX|mat|on to computé’(Yj: - y) andP(Zj (.Z) ~ Z)

small error criterion. The delay evaluation framework carga‘;'nceyj - ZleNf(l — b, it can be approximated, for a

therefore accurately approximate the expected B-bit delay i ge value cc)ijj’ .by a Gauss;am randomhvarlable with mean
fraction of the computational time required by the simulatiofen; Pt and vanance) ;e v, (1 — pi)pi, where

model.
=P (Z Xi(n) < tz) :

V. A CIRCUIT ALLOCATION PoLICY EXAMPLE ke

Similarly for Z; (i), sinceZ; (i) = 3,45, (1—b), it can also
be approximated, for a large value &t — N;, by a Gaussian
random variable with meaElgNj q and varianc@lgNj (1—

Let 7 be the set of all logical buffers. A building block
to define general circuit allocation policies is raaximal
transmission (MT)set. An MT set is a subset; of 7,

satisfying: (i) all buffers in7, can be allocated a circuit %9 Where

concurrently without resulting in data loss; (ii) there is no

superset of7; that satisfies (i). Allocating circuits to a set of q =P Z Xi(n) <t —i
buffers that does not define an MT set is suboptimal. keT\ {5}

The set of all MT sets, denoted by” = {J; C When an MT set contains a large number of buffers, the

{1,2,...,J}; 1 <i< N}, can be mapped to a realizable net- _ _ i
work consisting of a topology and routing policy. Restrictiongmbab'“t'esP Zjez, Xj(n) < tl) can also be approx

are not imposed to avoid overlapping MT sets. In particuldfated by a Gaussian distribution. The required first two
a buffer j may reside in more than one MT set. moments are computed from the stationary distributions of

A general circuit allocation policy is one that selects a singrge _|nd|V|duaI buffers.

MT set at every circuit period based on some measurabIeF'na"y’

information about all buffers. Any deterministic stationary N .

policy allocating an MT set as a function of all queue lengths oy (i) = //aj(l’y’ 2)AFy; (9)dF7,)(2),

defines a weighted time division multiplexing (TDM) policy vz

and results in a periodic Markov chain. The performance of where Fy, (y) and Fz, ;(z) are the respective Gaussian

these policies have been analyzed elsewhere [13] and ramidom variables. The integral is numerically evaluated using

considered herein. a ‘continuity correction’ to account for the fact that and
Here, we demonstrate the delay evaluation framework fgi;(:) are discrete random variables.

the following threshold randomized policy implemented with Observe that the structure of the threshold randomized

the aid of a common pseudo random number generator. Eqctiicies facilitates delay differentiation. Firstly, buffers with

MT set.7;, is associated with a tripldt;, ¢}, £2), wheret; is  different delay requirements can be differentiated by assigning

a threshold value ang? > ¢! are positive weights. them into different MT sets. Secondly, the thresholds and
An MT set constellation is a binary vectob = weights of each MT set7;, (t;,&;,&7), are calibrated so

(b1,b2,...,bn), whereb; = 0, if and only if Zjeji Xj(n) < as to provide higher allocation priorities to MT sets with

ti. Let &(b;) = &1, if b; = 0; and&;(b;) = €2, if b; =1 more stringent delay constraints. This is indeed possible, since

The policy is defined as followsFor every given MT by lowering the threshold; and/or increasing the weights
set constellationb, MT setJ; is selected with probability (§;,¢7), the allocation priority of MT set7; is increased.
&(bi)/ Sy Glbi)-

A distributed implementation requires to pass around the VI. PRACTICAL CONSIDERATIONS
constellation vector and to use the same pseudo randonit this stage, it may be of benefit to the reader to make clear
generator in all buffers. The latter guarantees that exactly og®me important practical considerations. A pressing question
MT set is chosen for each constellation. is how should the length of a circuit period, denotedfybe

For everyj, let N; be the set of all MT sets not containingchosen in practice? To minimize the expected B-bit queuing
buffer j; N; be its cardinal numberY; be the number of delay, 7" should be chosen as small as possible. In fact, as
MT sets not containing, where each one of them has a totdbng as the set of allocation probabilities ensure ergodicity, the
buffer size less than or equal to its corresponding thresholkpected B-bit queuing delay can be made arbitrarily small by
and Z; (i) be the number of MT sets containirigwhere each choosingT arbitrarily small. This is an artifact of modeling
one of them has a total buffer size less than or equal to ftee packet arrival process as being deterministic.
corresponding threshold, giveX;(n) = 1. However, in practice several considerations impose con-

Given the currentx and the eventy; = y and Z;(i) = z, straints on the choice df’. In particular, it is essential that
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T must exceed the time required to reconfigure a logiciked durations does not invalidate the analysis derived in
topology, which encompasses the time required to rearrargections Ill and 1V. The circuit allocation policy, however,
the switching fabric of an optical cross-connect and the tinteeds to be dynamic. That is, upon a circuit period completion,
required for control signaling to propagate. Other considertire policy must be capable of allocating one or more new
tions that may each impose a lower bound©rinclude: circuits given that a set of circuits have been assigned.
« the processing capability of the circuit allocation decision An implementation of a circuit setting black box requires
maker may be overwhelmed for small enouftsince a queue length monitoring and messaging to feed the allocation

circuit allocation decision must be made so often; policy. Whether implemented centrally or distributively, a
« control signaling may consume exorbitant amounts ¢dtency between the time stamps of the monitored queue
capacity for small enougfi’; and lengths and the circuit setup time will always occur. Thus, a

« fast oscillating power fluctuations may appear at the inpgtieue length prediction problem rises. In a system where our
of an optical amplifier for small enougif’ since the fluid traffic model applies, the predication problem is trivial
logical topology undergoes such frequent reconfiguratiogince input and transmission rates are determined from the

Although it is hard to assign an exact numerical lower bour@llocated circuits (which are known). Since the rates are fixed,
for T, it is clear from the above considerations that suchthe queue length at any moment in the future is known in
lower bound must exist for a practical implementation. advance.

Another consideration that needs to be drawn to the at-A useful extension to the framework in Section Il is to allow
tention of the reader is that for a stochastic packet arriviaplicies where the circuit allocation period may depend on the
process, the circuit allocation decision maker must makegaeue length. Specifically, for every queue lengiln) = 1,
decision based on a slightly outdated record of the numbcircuit is allocated with probabilityv(i) and the allocated
of packets enqueued in each buffer, which is regarded as tkguit period is of lengthi(:), which is specified in circuit
buffer state. In particular, the state conveyed to the decisipariods. With probability(1 — «(7)), the allocation attempt
maker is outdated at the time a circuit allocation decision fgils and another attempt is made aftegircuit periods. (Here
made because the state of each buffer continues to evolvevie adopt the same notations and definitions as in previous
the time it takes for the state to propagate to the decisisactions.)
maker and for the decision maker to process the updated statn interesting case is an exhaustive policy obtained from
information. the functiont(:i) = i/(K — A). Here, the allocated duration

It is common practice to resolve the uncertainty in this selected to exactly clear the B-bits in the queue and those
buffer state information by replacing it in the decision functiothat will arrive during the allocation time. Note that with this
with estimators based on the best available information. Nagtelicy, if a current allocation attempt is successful, then the
that for a deterministic packet arrival process, there is mueue length drops to zero at the next allocation attempt. Thus,
uncertainty in the buffer state information maintained by thi® prevent artificial steps of length zero, we fix0) = 0.
decision maker since the decision maker itself can exactly inféloreover, since an unsuccessful allocation attempt is followed
the state of each buffer based on the past decisions it malole another attempt aftércircuit periods, lettingx(i) be state
However, if the arrival process diverts from a deterministidependent is redundant. Therefore, we confine ourselves to the
process, the rate used in this model is set to the long-roase wherex(i) = « for ¢ > 0.
average rate. In such cases, the predicted performance of thiSo derive an expression for packet delay, the Markov chain
model would be optimistic. Note that for wide-bandwidtiwith states given by the embedded points at which circuit
networks such as optical networks, the multiplexing level &llocation attempts are made is considered.
extremely high resulting in an almost deterministic arrival With the exhaustive policy above, the single queue length,
process. Nevertheless, the performance with ‘on-off’ arrivglX (n), n > 0), evolves as follows. GiverX (n) =i > 0,
processes is a subject for future work.

Finally, its worth noting that although propagation delay 0, w.p. Q;
is not explicitly accounted for within the framework, it is Xn+1) =4 (25)
nothing more than a deterministic additive constant. Indeed i+bA, wp l-a.

it is possible that for small enoudh queuing delay may be Given X (n) = 0
considered negligible relative to propagation delay. However, ' X(n+1) = bA (26)
it is reasonable to suggest that the considerations listed above o

will require T" to be set such that queueing delay will certainly The expected drift in the process state in one transition is
not be negligible. In fact, the framework can be used to det%[X(n +1)— X(n)/X(n) = i = (1 — a)bA — ai (for
mine t_he range of” for yvhich propagation delay overshadows - 0), which is strictly negative ifi > (1 — a)bA/a. Thus,
queueing delay and vice versa. by the Foster-Lyapunov drift criterion [4], the Markov chain
is positive recurrent.

VII. ADAPTIVE CIRCUIT ALLOCATION AND Und . diti he derivati f th £
IMPLEMENTATION ASPECTS “Under stationary conditions, the derivation of the pgf is
simple and yields

To ensure computational tractability, the delay evaluation
framework approximates the evolution of each buffer inde- G(2) afl —p(0)(1 — 2b4)]
zZ) =
1—(1—a)b4

pendently. Thus, allowing asynchronous circuit allocations of [zl < 1. (@7)
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To find p(0), notice that the queue length drops to zerpetwork itself is irrelevant, only the collection of MT sets
only after a successful allocation attempt, after which the of concern.
gueue length rises tdA in the following step. From that All test instances entail 100 buffers and 400 MT sets; that
step forward, independent allocation attempts are made eviryJ = 100 and N = 400. Test instances are distinguished by
b circuit periods, each with a probability of of succeeding. the following two attributes:
Thus, the expected return time to state zerd is 1/a. By (i) the cardinality of each MT set; and

definition, we have (i) the number of MT sets resided in by each buffer.
p(0) = _ . To reduce the number of free parameten@:: mY,1<j<
l+1l/a 1+a 100; £2/¢} =10, 1 < i < 400; andt; = | 7;], 1 <14 < 400. In

The expected queue length at the embedded pointsWards: the proportionality between the arrival bit rate and the
given by the derivative OG(Z) evaluated at = 1. S|mp|e service bit rate is the same for all buffers, the ratio between

1 a

calculation yields: the upper and lower weights is 10 for all MT sets, and the
bA threshold of an MT set is chosen as its cardinality.
E(X) = 1a+ ) (28) Test instances are classified as symmetric (S), asymmetric
«

(A) and random (R). In a symmetric test instance, the cardi-
Under stationary conditions, the time average queue lengtiality of all MT sets is equal and all buffers reside in an equal
E(X), can be derived based on the following observation. Faumber of MT sets. An asymmetric test instance allows the
every given stateX'(n) = ¢ > 0, with probability «, the queue cardinality of each MT set and the number of MT sets resided
length decreases to zero at ratg K — A); with probability in by each buffer to vary in a strictigeterministicmanner.

1—a, itincreases ta+bA at rateA. For stateX (n) = 0, the Finally, a randomly generated test instance is such that the
gueue length increases bal at rate A. Considering a simple cardinality of each MT set and the number of MT sets resided
triangle and rectangular area calculation yields in by each buffer varies according to a statistical distribution.
E(X) _ oA L _a E(XQ) For all test instances, MT set_s are necessarily unique_. _A_\n
2(14a)  2(K-A) integer programming approach is used to ensure the feasibility

(29) of all symmetric and asymmetric test instances, in which not

+(BX)+ %) (1 - a. all combinations of attributes (i) and (i) are feasible.

Test instances are chosen to reflect the full range of accura-
in terms of £(X) andE(Xz), where the former is given by cies that may be expected with the delay evaluation framework

(28). The second momenk(X?), can be derived either from and are defined in the following.

the 2" derivative of G(Z), or by representing the one stefS1) Each of the 100 buffers residesin n = 160, 200, 240,
evolution of X2(n + 1) in a similar manner as in (25)-(26) of the 400 MT sets. Thus, the cardinality of each MT is
and equating the expected values in both sides. This latter given by 100n/400; that is, a cardinality of 40, 50 and

The time average queue IengtE,(f() in (29) is expressed

procedure is less tedious and provides the equation: 60, respectively.
(abA)? (A1) Each of the 100 buffers resides in 240 MT sets. The
E(X2) = +(1-a) [E(X2) 4 (bA)2 +2bAE(X)} . 400 MT sets are evenly divided such that 200 are of
1+a (30) cardinality 40, and 200 are of cardinality 80. Thus, each

ReplacingE(X) in (30) with the right hand side of (28) ylelds buffer resides in 80 MT sets of cardinality 40, and 160

the following closed form expression: MT sets of cardinality 80. o
(A2) A variation of (Al). Each of the 100 buffers resides in
[1+2a(1 — )] (bA)?

E(Xz) _ . (31) 180 MT sets. The 400 MT sets are evenly divided such
a(l+ ) that 100 are of cardinality 30, 100 are of cardinality 40,
By Little’s Lemma, the time average queueing delay (of 100 are of cardinality 50 and 1QO are of cardinality 60.
- o = S A3) Of the 100 buffers, 50 reside in 240 MT sets, and 50
an arbitrary B-bit isE(D) = E(X)/A. The packet delay .
distribution can be obtained in a similar manner as in Section reside 160 MT _sets, referred to ﬁ}t_ass. land Class 2
I-E. buffers, respectively. Thus, the cardinality of each MT set
is 50 and the composition of each MT set is such that 30
of the 50 buffers reside in 240 MT sets and 20 of the 50
VIIl. N UMERICAL EXAMPLES buffers reside in 160 MT sets.

A diverse collection of symmetric, asymmetric and raR1) Each of the 100 buffers resides in a random number of
domly generated networks are defined to serve as test in- MT sets according to the discrete uniform distribution
stances for the delay evaluation framework. A discrete event on the interval[160,240]. Thus, the expected MT set
simulation model is used to quantify the error introduced by cardinality is 50. Buffers are randomly allocated to MT
approximating the evolution of each buffer independently. sets and it is ensured each MT set is unique.

For the purpose of numerical evaluation, test instances (&2) Of the 100 buffers, 50 reside in a random number of
specified by a collection of MT sets. Each test instance, or MT sets according to the discrete uniform distribution on
collection of MT sets, can be mapped to a realizable network the interval[230,240] and 50 according to the discrete
consisting of a topology and routing policy. However, the  uniform distribution on the interval160, 170], referred
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to asClass landClass 2buffers, respectively. Thus, the P(Z;(m® — 1) = 2) # P(Z;(t + 1) = z) = 0, however,
expected MT set cardinality is 50. a(m® —1) = a(t+1) =@, sincea(i) =@, fori > m°® — 1.
For each test instance, the expected B-bit delay, whidtherefore, ift > m° — 1, @ is approximated such that =
quantifies the expected queueing time of an arbitrary B-bﬁgﬁmo,lﬁ(i)a(i), wherep(i) = ﬁ and K >
E(D), is computed both, by the delay evaluation framework : i=m0_1 %Y
: . : m? — 1 represents a numerical truncation point.
in (15), and by the simulation model. The results are plotted asT tify th introduced b imatiae
a function ofm®, m® = 3,4, 5, 6, 7. Recall thatn is the ratio 0 quantify the error introduced by approximating as

of the service bit rate to the arrival bit rate. The expected uch, three symmetric test instances are dEf'n'.ad’ n which
bit delay is expressed in units of circuit periods. That is, uni & normal ap_pr_oxmanons are av0|de(_j by considering only
B-bit delay corresponds to the length of a circuit peri@d, 2 butfers re3|d|ng. in MT sets Of. cardinality ¢ = 5’6’7.'
Plots generated by the simulation model are shown within 951'}1e expected B-bit delayl(D), is plotged as a fl_Jnctlon
confidence intervals. For random test instances, the expec (}he threshold:, ¢ = 0,1,...,7, for m" = 4 in Fig. 6.

. . 01 _
B-bit delay is quantified as an average across 3 independt <ser\(/)e tr;elngreta;]sed error margin f<|)1_> mth 1= 3. For N
trials. Plots are shown in Figs 1-5. = me— 2 = £ [Ne error margin 1S 1ess than one percen

All test instances demonstrate that the expected delay ggﬂg is completely attributable to approximating the evolution

erated by the evaluation framework and simulation model a% each buffe_r inerendentIy. i ,
As shown in Figs. 1-5, the expected B-bit delay is mono-

in good agreement, particularly for a high load, which is 72 ) ) . . .
represented byn® — 3. tonic in the proportionality between the arrival and service bit

For larger values ofn?, the quality of the error margin rate,m°. For most test instances, the expected B-bit delay is

varies and the analytical frameworks always provide an upg&FS than one circuit period fon = 6,7, indicating a bit is
bound. Specifically, an error margin of less than 1% is attaind@nsmitted in its arriving circuit period with h'gh probability.
for m® = 3. The maximum error margins for all test instances€ €xpected B-bit delay is not plotted fon” = 1,2,3,

are given in Table I. Observe that test instances, in which Qffcause the un(jerlyl()ng Markov chain is not ergodic for some
buffers do not reside in the same number of MT sets, sul§st Instances givem” < 3. _

as test instances (A3) and (R2), give rise to the greatest errof '€ computational time required by the framework to

margin. generate an estimate of B-bit queuing delay for a test instance
Five approximations contribute to the error margin, they afVer exceeds one minute. In contrast, the simulation demands
as follows: several days of computation time to generate an equivalent
(i) approximating the evolution of each buffer indepenestimate within acceptable confidence intervals. This is one
dently: of the key advantages the delay evaluation framework has to

(i) approximating the probability?(Y; = y), for each Offer.

buffer j, with a normal distribution;
(iii) approximating the probability?(Z;(i) = z), for each

[ Test Instance [ Max Error Margin ||

. ; ST, S1) n = 160 0.36%
. bufferj and_ buffer sizei, Wllt.h a normal distribution; ESlg 2 —500 e
(iv) approximating the probability>(}_, ., Xi(n) < 1), (S1) n = 240 1.6%

for each MT set7;, with a normal distribution; and, Eﬁg 1634?;%’

. . — . 0 __ 4%

(V) approxmatlngq(z) =a fori >m" — 1. o - (A3) Class T 24 5%%
Secondary approximations, such as assuming integral arrival (A3) Class 2 24.1%

and service bit rates, are implemented in the simulation model, (R1) 5.8%

; ; (R2) Class 1 2.2%

and thus do not Contlnbut'e to _thg error margin. o (R2) Class 2 S

By normal approximation, it is meant the Central Limit
Theorem is invoked to approximate the distribution of a sum TABLE |
of independent random variables. The normal approximation is MAXIMUM ERROR MARGIN

accurate if the number of MT sets is sufficiently large and the
number of buffers residing in each MT set is sufficiently close
to half the total number of MT sets. The accuracy of the nor-
mal approximation is compromised if the number of MT sets
is small, in which case the probabiliti€y}_, . , Xx(n) <t)
will be poorly approximated, or if the number of buffers A framework was provided for evaluation of packet de-
residing in each MT set is either small or almost equal fay distribution in an optical circuit-switched network. The
the total number of MT sets, in which case the probabilitifgsamework was based on a fluid packet arrival and service
P(Z;(i) = z) and P(Y; = y) are poorly approximated, rate model, in which packets are assigned to a buffer of an
respectively. The normal approximation may be avoided #dge router, based on delay constraint and destination, and
such instances where the number of buffers residing in ea@hqueued.
MT set is small, by computing the appropriate probabilities Two types of circuit allocation policies were integrated
exactly by summing over all possible permutations. into the framework. First, circuit holding times were of fixed
Approximatinga(i) = @, for i > m® — 1 introduces error, duration and allocated at the boundary of fixed time frames
if the thresholdt > m® — 1. For example, ift > m® — 1, (limited’), and second, circuit holding times were adaptive to

IX. CONCLUSIONS
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Test instance (S1). Expected B-bit delay in unit§'adis a function
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buffer size such that the holding time was sufficient to empty

a buffer (‘exhaustive’).

specific allocation policy.
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Test instance (A1) and (A2). Expected B-bit delay in unit§'cis
a function of proportionality between arrival bit rate and service bit rat

An analysis of a circuit allocation policy, in which circuits

are probabilistically allocated based on queue lengths, was
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Fig. 3. Test instance (A3). Expected B-bit delay in units/oés a function

of proportionality between arrival bit rate and service bit rate.
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APPENDIX

The framework approximates the evolution of each queﬂa‘é Derivation ofG(z)

length independently. ‘Slack variables’ were introduced to Using (8), the state relabelling,
decouple amongst buffers in a way that the evolution of eagh,, t4ct thatn
queue length remains consistent with all other queue leng{hg, the follo
in the network. The exact delay distribution was derived for a

single buffer and an approximation was given for a network

of buffers. The approximation entailed finding a fixed point ;) = S [a(i)z(+1=m" 4 (1 — a(i)z1]p(s)
for the functional relation between the ‘slack variables’ and a

wing two summations:

=0

+ > [@z(”l*mo)+ + (1 — @)z p(i).

i=m%—1

given as an illustrative example. The framework was shown to
be in good agreement with a discrete event simulation modelFor the first summation,+1 —m° < 0, and for the second

Fig. 4. Test instance (R1). Expected B-bit delay in unit§o&s a function
e. Of proportionality between arrival bit rate and service bit rate.

the definition 6fz) and
(i) =@ for i > m® — 1, G(z) can be separated
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Fig. 5. Test instance (R2). Expected B-bit delay in unit§o&s a function
of proportionality between arrival bit rate and service bit rate.
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Fig. 6. Effect of varying threshold. Expected B-bit delay in unitsIbés a
function of threshold¢. Observe the increased error marginfor m®—1 =
3.

summation; + 1 — m° > 0, thus

m®—2

> [a(i) + (1 = a(i)2"]p(i)

=0

G(2)

Y @t (1 — @) ().

i=m9—1

11

Since ", p(i)2t = G(z) — S 2 pli)<t, the sec-
ond summation can be written in terms @fz) giving the
following implicit equation forG(z),

m°—2
>

=0

G(z)

(o) + (1 = a(i))="]p(i)

—l—(azl_mo + 2z —az) <G(z) -
Elementary rearrangements give

[a(d)z™"~! — @zt + (@ — a(i)z™ +ip(i)

0 J— 0 —_ 0
2m =l — xm® L am

B. Properties ofG(2)

First we show that the denominator 6f(z) has K — A
distinct zeros. Represent the denominatof:gt), i(z), as a
sum of the two functionsf(z) = 2X~4 andg(z) = —(a +
(1—a)X).

Clearly, f(z) has a single zero of ordeK — A at 0.
Furthermore, for every on the unit contoufz| = 1,

lg(2)] < 1£(2)]
and the derivatives of (z) and g(z) satisfy% =K-A

(32)

and dgfj ) — (1 - @)K, respectively.
From the ergodicity condition (9)‘,15(5‘) > dgl(ZZI) on the

contour|z| = 1. Combined with (32), it follows thafg(z)| <

|f(2)| for every z on any contoulz| = 1 + ¢, whered > 0.

Invoking Rouche’s Theoremyf(z) and f(z) + g(z) have the
same number of zeros within every contdtir= 1+4, where
d > 0. That is, within and onto the unit disk| = 1. Since
f(z) has K — A zeros, so does the denominator Gfz),

h(z) = £(2) + g(2).

Next we show that all zeros must be distinct (i.e., of
order one). Suppose in contradiction that they are not distinct.
Then the derivative of(z) at any multiplicative must vanish.
However, the derivative of(z), h/(z), is given by: positive
in|z| <1:

W(2)] =[(K — A=A — (1 - @) K5

> |(K = A=A = (1 - @) K

= (K - A)[2|F=471 — (1 - @)K]|< .

It is easily verified that the ergodicity condition (9) is equiva-
lent to |A/(z)| > 0, for everyz in |z| < 1. Thus, all zeros are
distinct.

Multiplying by =™ ~! and rearranging the second summa-

tion yields
Gz) = "f:zj[au) (1 o)z (i)

(oo}

2

i=m0—1

+(@z' + 2z —@z) p()z".

C. Derivation of Delay Distribution forx(i) = «

Under stationary conditions, assume a circuit period begins
at time0. That is, P(X(0) = ) = p(4), where the sefp(i)}
is derived in Subsections IlI-B and 1lI-D. The duration of
each packet arrival id/M circuit periods. Thel*! packet
starts its arrival at timeé) and every subsequent packet,
2 < m < M, starts its arrival upon the arrival completion of
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packetm—1. (Note that the{ D,,, } are statistically dependent.) Form > 2,

First, we.d_erive the d.istr.ibut.ion oD, an.d then we express 2k = (k) — 1,

the remainingM — 1 distributions recursively. m - Pm—l M T m°M
By assuminga(i) = «, the number of circuit periods be-

tween two consecutive circuit allocationS, is geometrically +I{k+m —1€ Zo}(1 - 1).

distributed with a success probability of The pgf of S'is |t the first circuit period is allocated, then (34) implies that

(37)

given by the m*" arriving packet is served in the first circuit period if
i 0

Gs(z) = za <1 (33) gnd only |.fl<:.+ m < m_M. Moreover, paclfem.completes .

1-2(1-a) its transmission when it completes its arrival if and only if

Let 7;, 7 > 1, be the number of circuit periods betweeril€ queue length grops to zero no later thap)/. That is,
the j — 1 and thej* circuit allocation, using the convention!l 2nd %nly if k/(m? —1)M <m/M, which is equivalent to
that allocation0 is done at time0. The random variables ¥ < (m" — 1)m. Therefore, |r(T)1pIy|ng the following.

{r; 1 j > 1} are independent and geometrically distributed FOrm =1 and0 <k < (m” —1)m,

taking valuesl, 2,3, ..... Note thatr; includes thej?" allo- 1

cated circuit period used for transmission. From (33), the pgf dy, (k) = U (38)
of the summationr™) = 37", 7; is given by[Gs(2)]".

It is now shown that an’ integral number of packets reside Form > 1 and(m® —1)m < k < m°M —m, thek present
within a buffer at every circuit period boundary. Ligtk) be packets and the first: arrivals are all served at rat@’M .
the number of packets transmitted during an allocated circ@ince them!”" arrival starts at timgm —1)/M and thek +m
period, given that there are packets at the beginning of thePpackets complete their transmission at tigne + k)/m°M,
circuit period. Ifk > (m® — 1)M, the queue at the buffer iswe have
drained at raten® M packets per period, and therefdré:) = dl (k) = mt+tk _m-1 (39)
mOM. If k< (m®—1)M, the buffer queue is drained at rate " mOM M

m®M during the first period fraction of/(m° —1)M, and at  From (38) and (39) it follows that fok < m®M — m,
rate M during the rest of the period, implyingk) = k& + M. N

1 k -1
Thus, d! (k) = max {M’ LO—'—M — LM } . (40)
mO - M, if k> (m®—1)M; m
b(k) = ’ (B4 Fork >m°M —m + 1, them®" packet is not transmitted
k+M, otherwise. during the first circuit period. Similar to the derivations of

Consequently, at every circuit period boundary, there is 436)—(37), we have forn = 1
integral number of pack.ets whose distribution is given by d(k) = Frlk—mOM) | mUlM LTk € Zolr
g(k) = p(kL), k>0. (35) (41)
+Z{k & Z0}(1 — frac(k)).

The number of circuits period needed to transiniackets
at ratem®M is n(k) % [k/mP°M]. All, but possibly the last Form =2,

circuit period, are fully used to transmit the packets. The di (k) =db (k) — L + -1

utilization of the last circuit period is given by — frac(k), " ml M mOM (42)
def

where frac(k) = n(k) — k/m°M. +I{k+m—1€ Z}(r - 1).

Let d., (k) (d2,(k)) be the delay of then!” arriving packet
given that there aré packets at timé) and the first circuit  Let d’(k) = ﬁ Z%:l di.(k), i = 1,2. From (20),
period is allocated (not allocated), where< m < M.

Suppose thak: packets are present at tinte If the first d*(k), w.p. aq(k);
circuit period is not allocated, the present packets and the D= (43)
M first arrivals are all transmitted at rat¢m®M. Thus, for d*(k), w.p. (1—a)q(k).
m=1 By (36) and (37), the distribution of the random variable
k) =14+7m® + 4 d2(k) is expressed by
+Z{k € Zo}(r — 1) — Z{k & Zo} frac(k) d*(k) =70 4 ML ML 4 T{k € Zo}r
(36)
= rn(k) o m(}M _|_I{k c ZO}T +I{k ¢ ZO}(l - frac(k)) (44)
M—-1
+I{k & 20}(1 — frac(k)), +IA Y (M —m)I{k+m € Z}.
m=1

where Z; is the set of all positive integer multiples of°/;
I{E} is the set indicator function; and is an independent  Similar to the above derivation but using (40)—(42) results
geometric random variable with success probability in the following expression fod* (k).
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For k > m°M,
d* (k)

[9]
M+1 [10]

k—mC°M
n{k—m ) + 2mO M

_ M-1
oM

=T
[11]

+Z{k € Zo}7 + Z{k & Z0}(1 — frac(k))

(45) 12
M-—1
+IA Y (M —m)I{k+m € Zo}.
m=1 [13]
Fork < m°M, [14]
. ) min{M,m°M—k} ) . )
d (k) =7 P max {57, oy — 5 [15]
+T{k > (m® —1)M} R, [16]
(46)

where S(k) is the total delay contribution of the packets
transmitted during the second circuit holding time, derived as
follows.

Note that for this case we hayen® — 1)M < k < m®M,
and packetsn = 1,...,m°M — k are transmitted during
the first circuit holding time and packets = m°M — &k +
1,..., M are transmitted during the second circuit holding
time.

Let d,, (k) be the delay of packetr, m = m°M — k +
1,..., M, givenk packets at timé. Thus,

1 7m0Mfk+1

dm“]ﬂ—k-&-l(k) =T+ mOM M s (47)
and for2 < j <k — (m°—-1)M,
1 1
dmoj\/[_k+j(k) = dmOM—k-i-j—l(k) + m - M (48)

From (47)—(48),S(k) = S0 o0 rin
computed by recursion.

Note that both random variabled! (k) and d?(k), are
linear combinations of independent geometric distributions.
Therefore, the conditional histogram &, given k packets
at a circuit boundary, can be computed from (44)—(48). The
unconditional histogram aob is then derived using the distri-
bution {¢(k)} as derived in (18), (19) and (35).

d, (k) and can be
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